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ABSTRACT: We develop new techniques for studying the modular and the relative modular flows
of general excited states. We show that the class of states obtained by acting on the vacuum (or any
cyclic and separating state) with invertible operators from the algebra of a region is dense in the
Hilbert space. This enables us to express the modular and the relative modular operators, as well
as the relative entropies of generic excited states in terms of the vacuum modular operator and the
operator that creates the state. In particular, the modular and the relative modular flows of any state
can be expanded in terms of the modular flow of operators in vacuum. We illustrate the formalism
with simple examples including states close to the vacuum, and coherent and squeezed states in
generalized free field theory.
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1 Introduction
Entanglement and quantum information have played increasingly important roles in our under-
standing of quantum field theory (QFT), equilibrium and non-equilibrium dynamics of strongly
correlated condensed matter systems, and quantum gravity. Results from operator algebras and
techniques developed in algebraic approach to quantum field theory provide powerful tools for
organizing and obtaining quantum information properties of QFT and quantum statistical sys-
tems (see e.g. [1] for a recent review).
In the standard textbook approach to quantum field theory, the central object is the Hilbert
space of physical states. Algebraic quantum field theory (AQFT) was developed in the 1960s as
an alternative approach where one treats the algebra of local physical observables as the central
object [2–4]. According to the Stone-von Neumann uniqueness theorem the algebra of observables
of a quantum system with a finite number of degrees of freedom has a unique irreducible Hilbert
space representation up to unitary transformations. Thus, the Hilbert space approach and alge-
braic approach are equivalent. For a system with an infinite number of degrees of freedom, like a
QFT, the algebra of observables allows infinitely many inequivalent representations in the Hilbert
space. The algebraic approach provides a more intrinsic description than any of the irreducible
representation of the observables. For example, in a system with spontaneous symmetry break-
ing or phase transitions, different macroscopic states correspond to inequivalent representations of
Hilbert space, but all share the same algebra of observables.
Compared with the standard approach, the algebraic approach is significantly more mathemat-
ical and abstract, and as a result, it is harder to perform explicit calculations in model theories.
However, deep and rich mathematical structures have been uncovered about quantum field theory
using this approach. These structures provide powerful tools to study the quantum information
properties of states in QFT and quantum statistical systems. For instance,
1. The Reeh-Schlieder theorem says that bounded operators restricted to an arbitrary open set
in spacetime are enough to generate the full vacuum sector of the Hilbert space. It indicates
that generic finite energy states in QFT are not only entangled, but also are entangled at all
scales. Entanglement entropy in QFT is a property of the local algebra of observables and
not just the states.
2. The Hilbert space of a continuum quantum field theory does not have a tensor product struc-
ture. More explicitly, consider an open region U on a Cauchy slice Σ with its complement
given by Uc, one can not factorize the Hilbert spaceH intoHU ⊗HUc . The standard mea-
sures of entanglement such as entanglement entropy and Renyi entropies defined using the
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reduced density matrices are, thus ill-defined. Nonetheless, the algebraic approach provides
intrinsic definitions of those quantum information quantities which are well defined in the
continuum limit and free of ultraviolet ambiguities. An important object is Araki’s relative
modular operator, which provides an algebraic definition of relative entropy [5, 6], a central
quantity in quantum information [7].
3. According to the Unruh effect, a uniformly accelerated observer in the vacuum state of QFT
feels a thermal bath at a temperature proportional to its proper acceleration. The emergence
of a thermal bath has to do with the entanglement structure of the vacuum state and the
fact that the accelerated observer has no access to the region of spacetime that is outside
of its causal horizon. There is a generalization of this effect to observers restricted to a
general spacetime region. The Tomita-Takesaki theory defines a self-adjoint operator called
the modular Hamiltonian which generates a modular time evolution. A local observer whose
clock ticks with modular time finds itself in a thermal bath. The modular Hamiltonian and
the modular flow provide powerful mathematical tools for dealing with the entanglement
structure of a QFT.
4. The algebraic approach introduces many operator inequalities (e.g. the positivity of the mod-
ular and the relative modular operator, and the half-sided modular inclusion inequality [1, 8])
which should provide tight global constraints on quantum information properties of QFT.
So far only bits of this deep and rich mathematical structure have been used, but they have
already yielded remarkable results on long-standing questions. For example, a quantum version
of the null energy condition was conjectured and proved recently [9, 10]. Modular operator and
relative entropy were also used to provide a precise formulation of the Bekenstein bound [11].
Recently, the monotonicity of the relative modular operator was used to derive new inequalities
for correlation functions of QFT [12]. The modular operator of a spherical region in a conformal
field theory has a local expression in terms of the stress tensor [13] which has become an important
tool for studying the entanglement properties of states of conformal field theory as well as those of
holographic theories [14–16]. See also [17–19, 21? ] for other applications.
In holography there is strong evidence that modular flows play an important role in recon-
structing the corresponding bulk spacetime from the boundary quantum field theory [22–25]. A
better understanding of modular flows and relative modular flows should yield new insights into
various aspects of bulk reconstruction, including the emergence of bulk causality and a better phys-
ical understanding of the entanglement wedge from the perspective of the boundary theory.
Despite their importance, our understanding of modular flows in QFT is limited (previous
results include [13, 26–37]). In each case, where the modular operator has been found, significant
insights have been obtained. Very little is known about modular operators and modular flows in
excited states and for general regions. One reason is that the modular operators for general states
in general regions are believed to be highly nonlocal and complicated. Nevertheless, it is of great
interest to characterize this non-locality and hopefully extract universal features.
In this paper, we develop new techniques for studying the modular flow of excited states, and
the relative modular operator of general excited states. A key observation is that generic excited
states can be obtained by acting on the vacuum (or any cyclic and separating state) with invertible
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operators from the algebra of a region. More precisely, we show that such states are dense in the
Hilbert space. This observation enables us to express, in a simple way, the modular and the relative
modular operator, as well as relative entropies, of generic excited states in terms of the modular
operator of the vacuum. Since the modular or relative modular flows are continuous (see section 3),
we can obtain the modular flow of any state from those of a dense set of states. Modular, relative
modular operators or their unbounded functions (such as logarithm) are not continuous, thus for
these quantities we have access to generic states, but not all states in the Hilbert space. A related
observation is that the modular flow in an excited state can be obtained from that of the vacuum
via the so-called unitary cocycle, which in general is easier to construct and study than the modular
operator of an excited state. Equivalently, one could also obtain the modular flow in an excited
state using the relative modular flow. Previous discussions of modular operators for excited states
include [38, 39].
We illustrate the formalism using some simple examples, including states near the vacuum,
and coherent and squeezed states in generalized free field theory. To our knowledge, the relative
modular operator in QFT has not been explicitly worked out in any examples, not even in free
theories.
The plan of the paper is as follows. In section 2, we review the algebraic approach to general
quantum systems and the Tomita-Takesaki modular theory. Furthermore, in Appendix A we discuss
the modular theory from the perspective of quantum information theory using tensor diagrams.
In section 3, we first prove two lemmas regarding the class of states which can be generated by
acting by invertible operators on the vacuum (or any cyclic and separating state). Then, we obtain
their modular and relative modular operators. We also consider the structure of Kubo-Mori Fisher
information metric in this light.
In section 4, we consider the excited states that correspond to coherent and squeezed coherent
states in generalized free field theory, and work out explicit expressions for the modular flow of
local operators in these states.
We conclude in Sec. 5 with a brief discussion of future directions.
2 Essential aspects of algebraic quantum field theory
We start by reviewing the essential aspects of the algebraic approach to quantum systems which
will be relevant for our discussion in this paper (see [3] for a textbook review).
2.1 Algebraic setup
Consider a quantum field theory with field operators {Ai}, where the index i labels different opera-
tors (including all operators and not just “fundamental” ones). We will be concerned with bounded
operators {Ai} and the ∗-algebraA they form, i.e. they are closed under multiplications, and allow
an adjoint operation.
A state ψ is defined as a linear functional ψ(A) : A → C on the algebra, which is positive,
i.e. ψ(A†A) ≥ 0 for all A ∈ A , and normalized ψ(I ) = 1 (I denotes the identity operator).
Given a state ψ , the Gelfand–Naimark–Segal (GNS) construction builds a Hilbert space H that
carries a representation, piψ , of the ∗-algebra A . In particular, there exists a vector |Ψ〉 ∈H for
which ψ(A) = 〈Ψ|A|Ψ〉 for all A ∈A . The choice of the state and its corresponding Hilbert space
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is highly non-unique, and depends on the nature of the theory and the physical questions under
consideration.
For a quantum field theory in Minkowski spacetime, we assume that there exists a unique
Poicare invariant state ω . The GNS Hilbert space associated with ω is referred to as the vacuum
sector, and coincides with the usual definition of the Hilbert space in the standard approach (e.g.
in Wightman axioms). The vector |Ω〉 ∈H that corresponds to state ω will be referred to as
the vacuum. Throughout this paper, we restrict to the vacuum sector of theories in Minkowski
spacetime.
Now consider an open region O in Minkowski spacetime. The operators which have their
supports inside O also form a ∗-algebra, which we denote as A (O). In particular, self-adjoint
elements of A (O) can be interpreted as observables which can be measured in O . We will take
the set of A (O) (for all O) to have the following properties:
1. A (O) is closed under the weak convergence limit. More explicitly, we say a sequence of
operators {An ∈A (O)}with n= 1,2, · · · converge to an operator A if all the matrix elements
converge, i.e. 〈ψ|An|φ〉→ 〈ψ|A|φ〉 for any |ψ〉, |φ〉 ∈H . A ∗-algebra which is closed under
the weak convergence limit is a von Neumann algebra.
An important property of a von Neumann algebraM is that it is equal to its double commu-
tant, M ′′ =M , where M ′ denotes the commutant of M , i.e. the set of bounded operators
which commute withM . Therefore, we have A (O) =A ′′(O).
2. For O1 ⊂O2 we have A (O1)⊂A (O2).
3. For a Poincare transformation g, denoting the unitary action on A that coresponds to g by
αg, we have
αgA (O) =A (gO) . (2.1)
4. A (O1) commutes with A (O2) if O1,2 are spacelike separated,
[A (O1),A (O2)] = 0 . (2.2)
5. Let Oˆ denotes the causal completion of O , then
A (Oˆ) =A (O) , (2.3)
which requires that the dynamical laws be consistent with the causal structure. Equation (2.3)
can be derived if one assumes the so-called Haag duality
A (O ′) =A ′(O), (2.4)
where O ′ denotes the causal complement of O . However, it is known that the Haag duality
is violated in some situations. [40]
A striking statement regarding the local operator algebraA (O) is the Reeh-Schlieder theorem
which says that for any open region O , the set of vectors A (O)|Ω〉 is dense in H . This theorem
has far reaching consequences. For example, it means that by performing a local operation on the
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Earth one could in principle create, say a basketball, in the Andromeda galaxy. One could do so no
matter what the size of region O is. The theorem implies that the state |Ω〉 must be entangled at all
scales. Thus one could take advantage of the long range correlations in |Ω〉 judiciously to choose
operators in O to achieve the desired outcome just like in an EPR experiment. Clearly, to take
full advantage of the entanglement one has to apply operators from the algebra that are in general
non-unitary.
Mathematically, what the Reeh-Schlieder theorem says is that the vacuum state |Ω〉 is cyclic
and separating with respect to A (O) for any open region O . We say |Ω〉 is cyclic with respect to
A (O) if A (O)|Ω〉 is dense in H . We say that |Ω〉 is separating with respect to A (O), if exists
no operator A ∈ A (O) such that A|Ω〉 = 0. Consider another open region O˜ which is causally
disconnected from O . From the Reeh-Schlieder theorem A (O˜)|Ω〉 is also dense in H . Now
suppose there exists an A ∈ A (O) such that A|Ω〉 = 0, then we also have AA˜|Ω〉 = A˜A|Ω〉 = 0
for any A˜ ∈ A (O˜). Since A (O˜)|Ω〉 is dense in H this can only happen if A = 0. Note that the
theorem can also be generalized to a state with bounded energy, and thus any such state is cyclic
and separating with respect to A (O).
2.2 Algebraic approach to entanglement: a toy “spacetime”
To exhibit the entanglement structure implied by the Reeh-Schlieder theorem for a quantum field
theory, let us first consider a toy model to build up some intuition.
Consider a “spacetime” whose spatial manifold consists of only two points: L and R. The full
Hilbert space of the system has a tensor product structure H =HL⊗HR with isomorphic HL,R
for each point. For simplicity, we take them to have finite dimension D. The local algebra for point
L is thus AL =B(HL)⊗I and that for point R is AR = I ⊗B(HR), where B(HL,R) denotes
the set of bounded operators on Hilbert space HL,R and I is the identity operator. The operator
algebra for the full system isA =AL⊗AR. Clearly [AL,AR] = 0 as in (2.2), andAL =A ′R. Since
A ′′L,R =AL,R both AL,R are von Neumann algebras.
Now, consider a cyclic and separating state |Ω〉 for AL. Using the Schmidt decomposition of
a bipartite state one can readily see that such a state can be written as
|Ω〉=
D
∑
a=1
√
λa|a〉L|a〉R, λa > 0,
D
∑
a=1
λa = 1 (2.5)
with |a〉,a = 1, · · ·D some basis forHL,R. Assuming no vanishing Schmidt coefficient λa is equiv-
alent to assuming that the state is cyclic and separating. The reduced density matrix ρRΩ is obtained
by tracing overHL:
ρLΩ =
D
∑
a=1
λa|a〉L L〈a|, (2.6)
and has full rank. The same holds for ρRΩ. Thus, the cyclic and separating condition means that |Ω〉
is fully entangled betweenHL andHR with an entanglement entropy
SΩ =−TrL
(
ρLΩ logρ
L
Ω
)
=−TrR
(
ρRΩ logρ
R
Ω
)
=−∑
a
λa logλa . (2.7)
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2.2.1 Modular conjugation and modular operators
We now explore the entanglement structure of a cyclic and separating state |Ω〉 from the perspective
of the algebras A and AL,R. It is convenient to introduce an unnormalized maximally entangled
vector
|EΩ〉 ≡∑
a
|a〉L|a〉R (2.8)
in terms of which we can write |Ω〉 as |Ω〉 = ((ρLΩ)
1
2 ⊗I )|EΩ〉. Note that the definition of EΩ
depends on the choice of |Ω〉 which selects the basis |a〉.
Using |EΩ〉 we can define an anti-linear operator JΩ onH as follows: for |φ〉= φab|a〉L|b〉R
JΩ|φ〉 ≡ φ ∗ab R〈b|EΩ〉L〈a|EΩ〉= φ ∗ab|b〉L|a〉R . (2.9)
It can be readily checked that JΩ is anti-unitary, satisfies J2Ω = 1, i.e. JΩ = J
−1
Ω = J
†
Ω, and
JΩ|Ω〉= |Ω〉 . (2.10)
An interesting property of JΩ is that it takes an operator A ∈AR to an operator in AL,
JΩALJΩ =AR =A ′L (2.11)
and vice versa. More explicitly, taking A = Aab|a〉L L〈b| ∈AL, we find
JΩAJΩ = A∗ab|a〉R R〈b| ∈AR . (2.12)
We will refer to JΩ as the modular conjugation operator.
Now, introduce the modular operator
∆Ω = ρLΩ⊗ (ρRΩ)−1 = e−K
L
Ω⊗ eKRΩ (2.13)
with
KRΩ =− logρRΩ, KLΩ =− logρLΩ, KLΩ = JΩKRΩJΩ . (2.14)
The operator ∆Ω is positive and satisfies
∆Ω|Ω〉= |Ω〉, JΩ∆ΩJΩ = ∆−1Ω . (2.15)
The modular operator ∆Ω can be used to define a unitary flow for AL,R respectively,
UΩ(s)ALU
†
Ω(s) =AL, UΩ(s)ARU
†
Ω(s) =AR, UΩ(s)≡ ∆−isΩ . (2.16)
More explicitly, for A ∈AR and A′ ∈AL, we have
UΩ(s)AU
†
Ω(s) = e
iKRsAe−iKRs ∈AR, UΩ(s)A′U†Ω(s) = e−iKLsA′eiKLs ∈AL . (2.17)
Physically, UΩ(s) defines a “local” time evolution under which an observer in R (or L) remains in
R (or L).1 In particular, under such an evolution, the R (or L) observer experiences a thermal state
with inverse temperature β = 1.
1In contrast, a generic Hamiltonian H defined onH will not preserve AR,L under evolution.
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Finally, let us consider the anti-linear
SΩ ≡ JΩ∆
1
2
Ω (2.18)
which has the properties
S2Ω = 1, S
†
ΩSΩ = ∆Ω, SΩS
†
Ω = ∆
−1
Ω , SΩ|Ω〉= |Ω〉 . (2.19)
From the action of JΩ and ∆Ω, one also finds that
SΩA|Ω〉= A†|Ω〉, S†ΩA′|Ω〉= A′†|Ω〉, ∀A ∈AR,∀A′ ∈AL . (2.20)
To summarize, the states |Ω〉 that are cyclic and separating in AL,R are entangled in every
physical mode between L,R. On one hand, this can be seen from the fact that the corresponding
reduced density matrices ρL,RΩ are full rank. On the other hand, being cyclic and separating leads to
the existence of JΩ,∆Ω,SΩ, and their properties. Thus, the algebraic structure can be considered as
an alternative way to probe the entangled nature of |Ω〉. This is of particular importance in quantum
field theory where the density matrix is not well-defined, nonetheless the algebraic approach con-
tinues to hold. All the algebraic relations discussed above can be conveniently represented using
tensor diagrams which make them more intuitive. See Appendix A.
2.2.2 Relative modular operator and relative entropy
Now, consider a second state |Ψ〉. We can find the corresponding ρLΨ by tracing over HR. The
relative entropy between ρLΨ and ρ
L
Ω can be written as
S(Ψ‖Ω) = TrL
(
ρLΨ logρ
L
Ψ−ρLΨ logρLΩ
)
. (2.21)
Since ρLΩ is full rank the above quantity is well defined regardless of the nature of |Ψ〉.
Introduce the relative modular operator between |Ψ〉 and |Ω〉 as
∆ΨΩ = ρLΨ⊗ (ρRΩ)−1 . (2.22)
The relative entropy (2.21) can be written in terms of ∆ΨΩ as
S(Ψ‖Ω) = 〈Ψ| log∆ΨΩ|Ψ〉 . (2.23)
Suppose |Ψ〉 is also cyclic and separating with respect to AL,R, i.e.
|Ψ〉=∑
a
√
σa|a˜〉L|a˜〉R, σa > 0, ∑
a
σa = 1 (2.24)
with {|a˜〉} some other basis of HL,R. We denote the modular conjugation, modular operator and
the Tomita operator for the state |Ψ〉, respectively, with JΨ,∆Ψ and SΨ. If the basis {|a˜〉} coincides
with {|a〉} then JΨ = JΩ, but in general this is not the case.
We can introduce a relative conjugation operator JΨΩ as
JΨΩ|v〉L|w〉R = R〈w|EΨ〉L〈v|EΩ〉 (2.25)
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where EΨ is defined analogously as EΩ. One can check that JΨΩ is anti-unitary and satisfies
JΨΩJΩΨ = 1, JΨΩ = J
†
ΩΨ . (2.26)
With ρΨ full rank we can introduce its logarithm as in (2.14), and write (2.22) and the corresponding
relative modular flow operator as
∆ΨΩ = e−K
L
ΨeK
R
Ω , UΨΩ(s) = ∆−isΨΩ = e
iKLΨse−iK
R
Ωs . (2.27)
We then find that
UΨΩ(s)AU
†
ΨΩ(s) =UΨ(s)AU
†
Ψ(s), A ∈AL , (2.28)
UΨΩ(s)A′U†ΨΩ(s) =UΩ(s)A
′U†Ω(s), A
′ ∈AR . (2.29)
Also note that
JΨΩ∆ΨΩJ†ΨΩ = ∆
−1
ΩΨ . (2.30)
Introducing
SΨΩ = JΨΩ∆
1
2
ΨΩ (2.31)
we find
SΨΩA|Ω〉= A†|Ψ〉, S†ΨΩA′|Ω〉= A′†|Ψ〉, ∀A ∈AL, ∀A′ ∈AR . (2.32)
The unitary flow operator UΨΩ in (2.27) belongs to neither ofAL,R. We can also define unitary
operators which belong to AL,R,
uΨΩ(s) = eisK
L
Ψe−isK
L
Ω =UΨΩ(s)U
†
Ω(s) ∈AL (2.33)
u′ΨΩ(s) = e
−isKRΨeisK
R
Ω =UΩΨ(s)U
†
Ω(s) ∈AR . (2.34)
2.3 Modular operator and modular flows in QFT
Now, let us come back to quantum field theory. A key difference with the toy spacetime of previous
subsection is that the Hilbert space of quantum field theory does not have a tensor product structure.
More explicitly, consider an open region U on a Cauchy slice Σ with its complement given by Uc,
one can not factorize the Hilbert space H into HU ⊗HUc . In other words, the reduced density
matrix associated with a region U does not exist. Thus, we can no longer use (2.7) and (2.21)
to characterize the entanglement properties of a state |Ω〉 and the relative quantum information
between |Ω〉 and |Ψ〉.
Fortunately, thanks to the Tomita-Takesaki theory, even in the absence of tensor product struc-
ture and reduced density matrices, the algebraic structure discussed in previous subsection survives
and can be used to capture entanglement properties of the system.
Before stating the main results of the Tomita-Takesaki theory, we should note that it is com-
mon practice to put a quantum field theory on a lattice, where a tensor product structure for H
does exist, calculate the entanglement entropy (2.7), and then take the continuum limit. The con-
tinuum limit does not really exist as ρL,RΩ do not exist, which is reflected in that their corresponding
entanglement entropies suffer from ultraviolet divergences and are sensitive to the short-distance
cutoff. While it is often possible to extract valuable long-distance information from the divergent
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value,2 it is clearly mathematically and physically preferable to directly deal with quantities which
are intrinsically defined in the continuum.
Let H be a Hilbert space and M a von Neumann algebra acting on this space with M ′ its
commutant. Suppose the vector |Ω〉 is cyclic and separating for M . The Tomita-Takesaki theory
asserts:
1. There exists an anti-unitary modular conjugation operator JΩ and a positive modular operator
∆Ω satisfying
JΩ|Ω〉= |Ω〉, ∆Ω|Ω〉= |Ω〉, JΩ = J−1Ω = J†Ω, JΩ∆ΩJΩ = ∆−1Ω . (2.35)
2. JΩ takes an operator inM toM ′, i.e.
JΩM JΩ =M ′ . (2.36)
3. ∆Ω defines a unitary flow forM ,M ′ respectively,
UΩ(s)MU
†
Ω(s) =M , UΩ(s)M
′U†Ω(s) =M
′, UΩ(s)≡ ∆−isΩ . (2.37)
4. Let
SΩ ≡ JΩ∆
1
2
Ω (2.38)
then
S2Ω = 1, S
†
ΩSΩ = ∆Ω, SΩS
†
Ω = ∆
−1
Ω , SΩ|Ω〉= |Ω〉 (2.39)
and
SΩA|Ω〉= A†|Ω〉, S†ΩA′|Ω〉= A′†|Ω〉, ∀A ∈M ,∀A′ ∈M ′ . (2.40)
In the last subsection, we obtained these properties with the help of tensor product structure of the
Hilbert space and the corresponding reduced density matrices. The Tomita-Takesaki theory tells us
these structures are in fact direct consequences of being cyclic and separating even in the absence
of a tensor product structure.
As discussed in Sec. 2.1, the operator algebra A (O) for an open region O is a von Neumann
algebra and the vacuum state |Ω〉 is cyclic and separating with resect to A (O) from the Reeh-
Schlieder theorem, thus the properties listed above apply follow.
2.4 Relative modular operator, relative entropy, and relative modular flows
The Tomita-Takesaki theory can be generalized to give relative quantum information between two
states |Ψ〉 and |Ω〉 again only assuming that they are cyclic and separating:
1. There exists an anti-unitary operator JΨΩ and a positive relative modular operator ∆ΨΩ which
have the properties
JΨΩJΩΨ = 1, JΨΩ = J
†
ΩΨ, JΨΩ∆ΨΩJ
†
ΨΩ = ∆
−1
ΩΨ . (2.41)
2An alternative is to use replica trick via Euclidean path integrals.
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2. The relative entropy can be obtained as
S(Ψ‖Ω) =−〈Ψ| log∆ΩΨ|Ψ〉 . (2.42)
Note that while both (2.23) and (2.42) reduce to the expression in (2.21) for a system with
a finite dimensional Hilbert space, only (2.42) applies to a quantum field theory. 3 See also
equation (2.55) below.
3. Introducing the relative modular flow
UΨΩ(s) = ∆−isΨΩ . (2.43)
one obtains the unitary evolutions
UΨΩ(s)AU
†
ΨΩ(s) =UΨ(s)AU
†
Ψ(s), A ∈M , (2.44)
UΨΩ(s)A′U†ΨΩ(s) =UΩ(s)A
′U†Ω(s), A
′ ∈M ′ . (2.45)
4. With
SΨΩ = JΨΩ∆
1
2
ΨΩ, S
†
ΨΩ = ∆
1
2
ΨΩJ
†
ΨΩ = JΩΨ∆
− 12
ΩΨ (2.46)
then
SΨΩAΩ= A†Ψ, S†ΨΩA
′Ω= A′†Ψ, ∀A ∈M , ∀A′ ∈M ′ . (2.47)
5. One can also show that [41]
uΨΩ(s)≡UΨΩ(s)U†Ω(s) ∈M (2.48)
u′ΨΩ(s)≡UΩΨ(s)U†Ω(s) ∈M ′ . (2.49)
Note that both UΨΩ(s) and U
†
Ω(s) are defined outside M or M
′. It is a highly nontrivial
statement that the particular combinations above belong to M and M ′. uΨΩ(s), which is
often referred as the unitary co-cycle, has the following properties (similarly with u′ΨΩ):
(a) Cocycle identity:
uΨΩ(t1+ t2) = uΨΩ(t1)
(
UΩ(t1)uΨΩ(t2)U
†
Ω(t1)
)
. (2.50)
(b) Chain rule:
uΨΩ(t)uΩΦ(t) = uΨΦ(t) . (2.51)
(c) Intertwining property:
uΨΩ(t)(UΩ(t)AU
†
Ω(t)) = (UΨ(t)AU
†
Ψ(t))uΨΩ(t) (2.52)
u′ΨΩ(t)(UΩ(t)A
′U†Ω(t)) = (UΨ(t)A
′U†Ψ(t))u
′
ΨΩ(t) (2.53)
3For instance, if Ψ =U |Ω〉 for U a unitary in the algebra, the expression (2.23) gives S(Ψ‖Ω) = 0 which is clearly
incorrect.
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Given uΨΩ(0) = 1, we can introduce the relative Hamiltonian as
hΨΩ = i
∂uΨΩ(t)
∂ t
∣∣∣∣
t=0
. (2.54)
which can be written more explicitly as
hΨΩ = KΨΩ−KΩ = KΨ−KΩΨ (2.55)
with
KΩ =− log∆Ω, KΨ =− log∆Ψ, KΩΨ =− log∆ΩΨ, KΨΩ =− log∆ΨΩ . (2.56)
We reiterate that even though we obtained the properties above earlier assuming a tensor product
structure, the fact they continue to exist in the absence of the tensor product is a highly nontrivial
mathematical statement that follows from the Tomita-Takesaki modular theory.
3 Modular flows of excited states
In this section, we first develop a formalism to obtain the modular operator and the relative modular
operator of general excited states from the modular operator of the vacuum |Ω〉 (or any cyclic and
separating state). We then discuss these operators for near vacuum states in general theories, as an
illustration of the formalism. In the next section, we apply the formalism to coherent and squeezed
states in generalized free theories.
3.1 Dense sets of states
Our starting point is an open region O in spacetime and its corresponding local von Neumann
operator algebra M = A (O). We denote the commutant by M ′. The Reeh-Schlieder theorem
tells us that the vacuum state |Ω〉 is cyclic and separating with respect toM .
Connes and Stormer proved in [42] that the set of excited states UU ′|Ω〉with unitaries U ∈M
and U ′ ∈M ′ is dense in the Hilbert space.4 For a state created by local unitaries, it is straightfor-
ward to see that the anti-linear operator
SUU ′|VV ′ =U ′V SΩU†V ′† (3.1)
satisfies the equation the equation that defines the relative Tomita operator
SUU ′|VV ′a|VV ′〉= a†|UU ′〉 . (3.2)
The relative modular operator corresponding to this state is then given by
∆UU ′|VV ′ =V ′U∆U†V ′† . (3.3)
Setting V =U and V ′ =U ′ in the above expression we obtain the Tomita operator and the modular
operator of the excited state UU ′|Ω〉.
4The mathematical statement they showed is that a von Neumann algebra is a type III1 factor (same type as the local
algebra in QFT) if and only if the set of states UU ′|Ω〉 is total in the Hilbert space.
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In many examples of interest, we may be interested in considering a state generated by an
operator Ψ ∈M , i.e. |Ψ〉 = Ψ|Ω〉 (up to a normalization constant). From the Reeh-Schlieder
theorem such states are dense in the Hilbert space, i.e. they come arbitrarily close to any state.
Below, we consider a subset of such states which is also dense in the Hilbert space, and in the next
subsection we obtain their modular operator and relative modular operator. The states of interest
are Ψ|Ω〉 with Ψ an invertible operator in the algebra. Note that an operator Ψ is invertible if
neither its point spectrum nor its residual spectrum contains a zero.
Lemma 1: The vectors Ψ|Ω〉 and Ψ†|Ω〉 with Ψ ∈M are separating if and only if Ψ and
Ψ† are invertible. The inverse operators need not be bounded, but they are densely defined in the
Hilbert space. Moreover, any such state is automatically cyclic.
Proof: First note that if Ψ is invertible Ψ† is also invertible. This is because every Ψ ∈M
admits a polar decomposition Ψ=W |Ψ| with W a partial isometry and |Ψ| self adjoint. Invertible
Ψ necessarily implies that W is a unitary and |Ψ| is invertible, which in turn implies that Ψ† must
be invertible; see Appendix B.
The converse statement is simple to prove. The vector Ψ|Ω〉 is not separating if there exists
an A ∈M such that A|Ψ〉 = 0. However, this implies that the operator AΨ ∈M kills |Ω〉 which
contradicts the separating property of |Ω〉. In general, it is possible that AΨ = 0, however this is
never the case whenΨ is invertible, asΨ−1 is densely defined in the Hilbert space. This establishes
the converse statement.
Now, suppose Ψ|Ω〉 is separating. The operator Ψ† is invertible if there are no zeros neither
in its point spectrum nor in its residual spectrum. By definition, the point spectrum of Ψ† contains
zero if there exists a vector |Ψ0〉 such that Ψ†|Ψ0〉 = 0. Since Ψ|Ω〉 is separating, there exists a
sequence of operators a′n ∈M ′ such that limn a′nΨ|Ω〉 gives |Ψ0〉, i.e.
lim
n
〈Ψ0|a′nΨ|Ω〉= 1 . (3.4)
Since [a′n,Ψ] = 0 we find
lim
n
〈Ψ0|Ψa′n|Ω〉= 1 (3.5)
which cannot be the case if Ψ† has a zero eigenvector. We thus conclude Ψ† cannot have a zero in
its point spectrum. Since Ψ†|Ω〉 is also separating we conclude that both Ψ are Ψ† are injective.
The operator Ψ is bounded, hence its action is defined on all vectors in the Hilbert space. Now
consider any a′ ∈M ′, then the set {a′Ψ|Ω〉} is dense in the Hilbert space due to the separating
property of Ψ|Ω〉. Since Ψa′|Ω〉 = a′Ψ|Ω〉 and |Ω〉 is separating, we conclude that the range of
Ψ is also dense. This means that there are no zeros in the residual spectrum of neither Ψ nor
Ψ†. To summarize, we have established that if Ψ|Ω〉 and Ψ†|Ω〉 are separating both Ψ and Ψ† are
invertible. If Ψ has a zero in its continuous spectrum, then its inverse is unbounded.
Finally, we show that if Ψ|Ω〉 and Ψ†|Ω〉 are separating they are also cyclic. Suppose they are
not cyclic, then, there exists an a′ 6= 0 ∈M ′ such that a′Ψ|Ω〉=Ψa′|Ω〉= 0. Since the vacuum is
cyclic a′|Ω〉 6= 0 and we then find a contradiction with the statement proved earlier that Ψ does not
have a zero in its point spectrum. This concludes the proof.
We now show that the set of states of Lemma 1 is, in fact, dense in the Hilbert space.
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Lemma 2: LetM denote a von Neumann algebra acting on a Hilbert spaceH . Let |Ω〉 be a
cyclic and separating vector. Let G(M ) =
{
a ∈M : a−1 ∈M}. Then, G(M )|Ω〉 is dense inH .
Proof : We first note a theorem of [43, 44] which says that G(M ) is a dense subset of M in
the strong operator topology.
Let |χ〉 be an arbitrary vector in the Hilbert space. Then, from the cyclicity of |Ω〉, we can
construct a sequence an ∈M such that
limnan|Ω〉= |χ〉 (3.6)
which means, given ε > 0, there is an Nε such that
|||χ〉−an|Ω〉||< ε ∀n≥ Nε . (3.7)
For each n, from the fact that G(M ) is strongly dense in M , we can construct a sequence
bm,n ∈ G(M ) such that
limmbm,n|Ω〉= an|Ω〉 (3.8)
which means that there are Mn such that
||bm,n|Ω〉−an|Ω〉||< 1/n ∀m≥Mn . (3.9)
Introduce a new sequence bn defined by
bn = bMn+1,n . (3.10)
We would like to show that for any ε there exists a Kε such that
|||χ〉−bn|Ω〉|| ≤ ε, ∀n > Kε . (3.11)
For this purpose, we choose ε1 = 12ε in (3.7) and Kε = max(Nε/2,2/ε). Then for any n > Kε we
have
|||χ〉−bn|Ω〉|| ≤ |||χ〉−an|Ω〉||+ ||an|Ω〉−bn|Ω〉||< ε2 +
1
n
<
ε
2
+
ε
2
= ε . (3.12)
This concludes the proof.
Finally, we would like to remark on the continuity properties of the relative modular operator.
Consider two sequences of |Φn〉 and |Ψn〉 that converge to |Φ〉 and |Ψ〉, respectively, with |Ψ〉
cyclic separating. For any bounded function f we have the continuity property [6]:
lim
n
f
(
∆ΦCnΨCn
)
= f (∆ΦCΨ) (3.13)
in the strong operator topology. Here, |ΦCn 〉, |ΨCn 〉, |ΦC〉 are the vector representatives of |Φn〉, |Ψ〉, |Φ〉
in the so-called natural positive cone of |Ψ〉. Since the modular flow of any state is independent
of the precise vector we choose to represent the state with, this implies we can obtain the modular
flow of any state from those of the dense set of states created by invertible operators by taking the
limit
limn∆itΦnA∆
−it
Φn = limn (∆
it
ΦnΨnA∆
−it
ΦnΨn) = (∆
it
ΦΨA∆
−it
ΦΨ) = ∆
it
ΦA∆
−it
Φ . (3.14)
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again in the strong operator topology. This statement also holds true for non-cyclic states.
However, logarithm is an unbounded operator and as was argued in [6] relative entropy is only
lower semi-continuous. That is to say
limnS(Φn‖Ψn)≤ S(Φ‖Ψ) . (3.15)
where lim is the limit inferior of a sequence. This means that while we can compute the relative
entropy of a dense set of states we do not have access to the relative entropy of limit states.
3.2 Modular and relative modular operators
In the previous subsection, we demonstrated that the set of states generated by invertibleΨ is dense
in the Hilbert space. It can be readily seen that the Tomita operator SΨ for such a state |Ψ〉 is
SΨ = (Ψ†)−1SΩΨ† . (3.16)
Indeed,
SΨ AΨ|Ω〉= (Ψ†)−1SΩΨ†AΨ|Ω〉= (Ψ†)−1Ψ†A†Ψ|Ω〉= A†Ψ|Ω〉, ∀A ∈A (O) (3.17)
S†Ψ A
′Ψ|Ω〉=ΨS†ΩΨ−1A′Ψ|Ω〉=ΨS†ΩA′|Ω〉= A′†Ψ|Ω〉 , ∀A′ ∈A ′(O) (3.18)
where in the second line we have used the fact that A′ commutes with Ψ. The modular operator for
|Ψ〉 can then be written as
∆Ψ = S†ΨSΨ =ΨS
†
ΩΨ
−1(Ψ−1)†SΩΨ† . (3.19)
One can obtain the modular conjugation operator JΨ from JΨ = SΨ∆
− 12
Ψ , which is somewhat com-
plicated. From the definition of the positive part of an operator |Ψ|2 = Ψ†Ψ we know that (3.19)
can be written as
∆Ψ =ΨS†Ω(Ψ
†Ψ)−1SΩΨ† =Ψ∆
1/2
Ω (Ψ
†
JΨJ)
−1∆1/2Ω Ψ
†, (3.20)
where ΨJ ≡ JΩΨJΩ belongs to the commutant algebra, and we have used JΩ = J†Ω = J−1Ω . 5
Let us consider the relative modular operator between |Ψ〉 and another state |Φ〉=Φ|Ω〉where
Φ is not necessarily invertible. To simplify the notation let us assume that both Ψ and Φ are
normalized such that 〈Ψ|Ψ〉= 〈Φ|Φ〉= 1. Then we have
SΦΨ = (Ψ†)−1SΩΦ† (3.21)
which indeed satisfies
SΦΨA|Ψ〉= (Ψ†)−1SΩΦ†AΨ|Ω〉= (Ψ†)−1Ψ†A†Φ|Ω〉= A†|Φ〉, ∀A ∈A (O) , (3.22)
S†ΦΨA
′|Ψ〉=ΦS†ΩΨ−1A′Ψ|Ω〉=ΦA′†|Ω〉= A′†|Φ〉, ∀A′ ∈A ′(O) . (3.23)
The relative modular operator can be written as
∆ΦΨ = S†ΦΨSΦΨ =ΦS
†
Ω(Ψ
−1)(Ψ−1)†SΩΦ† = ∆
1
2
ΩΦ− i2 |ΨJ|
−2
(
Φ− i2
)†
∆
1
2
Ω (3.24)
5Note that (ΨJ)−1 = (Ψ−1)J and (Ψ†)J = (ΨJ)†. However, (|Ψ|2)−1 6= |Ψ−1|2 and here we denote (|Ψ|2)−1 by
|Ψ|−2.
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where we have introduced Φ− i2 ≡ ∆
− 12
Ω Φ∆
1
2
Ω. Again JΦΨ can be obtained indirectly from SΦΨ and
∆ΦΨ. In particular, the relative modular operator when one state is the vacuum is simpler
SΦΩ = SΩΦ†, ∆ΦΩ =Φ∆ΩΦ† (3.25)
SΩΨ = (Ψ†)−1SΩ, ∆ΩΨ = ∆
1/2
Ω |ΨJ|−2∆1/2Ω . (3.26)
Now we summarise a couple of important observations of Eq.(3.24).
Note that for Eq.(3.24) to be well defined, we need Ψ to be invertible.
Next, for a generic operator Φ ∈A , if the operator Φ−i/2 is unbounded, it can be shown to be
non-closeable[45]. In our later applications to perturbation theory, it is essential that this operator
and its adjoint be both densely defined; therefore, its closeablity is essential.
To ensure this, given a von Neumann algebra A , we consider one of its very important self
adjoint subalgebras AT , called the Tomita subalgebra of A . This satisfies the following very
important properties : i) The modular flow of elements in AT is entire analytic and ii) AT is SOT
dense in A .6
Practically, what this means, is if Φ is bounded, and chosen to be in AT , then Φ−i/2 automat-
ically becomes bounded. Secondly, it is sufficient to consider Eq.(3.24) between those |Φ〉, |Ψ〉
states such that |Ψ〉 is created by an invertible operator and |Φ〉 is created by an operator in the
Tomita algebra. Since both these classes of states are dense in the Hilbert space, we can use the
continuity argument of the previous subsection to compute modular flows for all states. We discuss
such operators in an appendix.
Finally, we can ask for explicit examples of operators in AT . A particularly nice set of such
operators is given by the smearing of modular evolved operators against gaussians (or really, any
function holomorphic in a suitable strip in the complex plane)∫ ∞
−∞
dte−rt
2
Φ(t) r > 0 Φ(t) = ∆−itΦ∆it . (3.27)
In the subsequent, whenever the expression Φ−i/2 is encountered, such a smeared operator
should be kept in mind.
Now consider a cyclic and separating Φ|Ω〉. If we are interested in the modular flow of opera-
tors that are either inA or the commutantA ′ using the identity (2.28) we can replace the modular
flow with the relative modular flow with one state chosen to be the vacuum. Comparing (3.25)
and (3.19) we see that UΨΩ(s) = ∆−isΨΩ is in general much easier to obtain that UΨ(s) = ∆
−is
Ψ . Thus,
we use (2.28) as a calculational tool since the relative modular flows in general provide a much
easier way to obtain modular flows of excited states. This will be the approach we use in next
section when performing explicit calculations.
In the special case that Ψ=U ∈A is a unitary operator, various expressions above simplify.
In such a case the corresponding |U〉 may be considered as a “local” state as any observables lying
in the causal complement region Oc has the same expectation value as the vacuum,〈
U |A′|U〉= 〈Ω|U†A′U |Ω〉= 〈Ω|A′|Ω〉, A′ ∈A (Oc) (3.28)
6We thank Y. Tanimoto for pointing out the importance of this class of operators for our applications. For further
discussions, see [46]
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where we have used that U and A′ commute. The modular operator and the corresponding modular
flow are simply
∆U =U∆ΩU†, ∆−isU =U∆
−is
Ω U
†, JU =UJΩU† . (3.29)
Similarly
SUΩ = SΩU†, ∆UΩ = ∆U , JUΩ = JΩU†, ∆ΩU = ∆Ω (3.30)
and the corresponding unitary co-cycle (2.48) uUΩ = 1. Note for an arbitrary Φ which is not
necessarily separating nor cyclic we find
∆ΦU =Φ∆ΩΦ† = ∆ΦΩ (3.31)
which is in fact independent of U . Finally, if Φ is also a unitary operator we have
SVU =USΩV †, ∆VU =V∆ΩV † = ∆V , JVU =UJΩV †, uVU =UVΩU†UΩ =UVU
†
U . (3.32)
Clearly uVU acts trivially on any operator in A ′(O).
In general, to compute the relative modular flow for non-unitary states (2.43) we need to
obtain
KΦΨ =− log∆ΦΨ (3.33)
in an explicit form. In next subsection, we discuss a perturbative series that achieves this.
3.3 A perturbative series
Consider two operators ∆˜ and ∆ which are close, in the sense that ∆˜−∆ can be expanded in some
small parameter. We will obtain a perturbative series for log ∆˜− log∆ in terms of ∆˜−∆ and unitarity
flows ∆it generated by ∆.
It can be shown that log ∆˜ can be written as [47]
− log ∆˜=− log∆+
∞
∑
m=1
Qm (3.34)
where
Qm = 2pi limεi→0
∫
dt1
∫
dt2...
∫
dtm Fεi(t1, t2, · · · , tm)δ (t1) · · ·δ (tm) (3.35)
δ (t) = ∆−itδ∆it , δ =
α
1−α/2 , α = 1−∆
− 12 ∆˜∆−
1
2 (3.36)
and the kernel F is defined by
Fεi(t1, t2, .., tm) = f (t1)gε1(t2− t1)gε2(t3− t2)...gεm−1(tm− tm−1) f (tm) (3.37)
f (t) =
1
2cosh(pit)
, gε(t) =
i
4
[
1
sinh(pi(t− iε)) +
1
sinh(pi(t+ iε))
]
. (3.38)
In (3.35) it should be understood that the limit εi→ 0 are taken after doing the integrals. A variant
of (3.34)–(3.35) has appeared previously in [39].7 The kernel Fεi(t1, t2, · · · , tm) has remarkable
7The expression in [39] is similar to (3.35), but there are some important differences: δ was not introduced there and
the iε prescription, the integration contours, and operator orderings also appear different.
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symmetric properties and one can write Qm in terms of nested commutators of δ ’s plus a set of
contact terms [47]
Qm =
2pi
m
limεi→0
∫
dt1
∫
dt2...
∫
dtm Fεi(t1, t2, ..., tm)[· · · [δ (t1),δ (t2)], · · · ],δ (tm)]+Pm (3.39)
where Pm are “contact terms” with only m− 2 time integrations. For a complete description of
contact terms see [47]. Their structure for general m is somewhat complicated which we will not
need here. Below we only give the first few terms:
Q1 =
pi
2
∫ ∞
−∞
dt
cosh2(pit)
δ (t), (3.40)
Q2 =
pi
4
∫ dt1dt2 gε(t2− t1)
cosh(pit1)cosh(pit2)
[δ (t1),δ (t2)] , (3.41)
Q3 =
pi
6
∫ dt1dt2dt3 gε1(t2− t1)gε2(t3− t2)
cosh(pit1)cosh(pit3)
[[δ (t1),δ (t2)],δ (t3)]+
pi
24
∫ dt
cosh2(pit)
δ 3(t), (3.42)
Q4 =
pi
8
∫ dt1dt2dt3dt4 gε1(t2− t1)gε2(t3− t2)gε3(t4− t3)
cosh(pit1)cosh(pit4)
[[[δ (t1),δ (t2)],δ (t3)],δ (t4)]
+
pi
32
∫ dt1dt2 gε(t2− t1)
cosh(pit1)cosh(pit2)
{
δ (t2), [δ (t1),δ 2(t2)]
}
(3.43)
where it should be understood that εi’s are taken to zero at the end.
3.4 Modular and relative modular Hamiltonians for states close to vacuum
Let us now apply the discussion of previous subsection to KΦΨ =− log∆ΦΨ with both |Ψ〉 and |Φ〉
chosen to be close to the vacuum. From (3.24) we find the corresponding α and δ
α = 1−Φ− i2 |ΨJ|
−2
(
Φ− i2
)†
, δ = 2
1−Φ− i2 |ΨJ|
−2
(
Φ− i2
)†
1+Φ− i2 |ΨJ|−2
(
Φ− i2
)† (3.44)
We consider Hermitian operators Φ(λ ) and Ψ(µ) which are close to the identity
Φ(λ ) = 1+λφ (1)+
λ 2
2
φ (2)+ · · · , Ψ(µ) = 1+µψ(1)+ µ
2
2
ψ(2)+ · · · (3.45)
with λ and µ some small continuous parameters. Normalizations for these states imply that〈
Ω|φ (1)|Ω
〉
=
〈
Ω|ψ(1)|Ω
〉
=
〈
Ω|(φ (1))2+φ (2)|Ω
〉
=
〈
Ω|(ψ(1))2+ψ(2)|Ω
〉
= 0 . (3.46)
We can now expand δ and KΦΨ in λ and µ as (with KΩ =− log∆Ω)
δ = λδ (10)+µδ (01)+µλδ (11)+
λ 2
2
δ (20)+
µ2
2
δ (02)+ · · · ,
KΦΨ−KΩ = λK(10)+µK(01)+µλK(11)+ λ
2
2
K(20)+
µ2
2
K(02)+ · · · , (3.47)
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where
δ (10) =−φ (1)− i2 −φ
(1)
i
2
, δ (01) = 2ψ(1)J , δ
(11) = 0, (3.48)
δ (20) = 2
(
(φ (1))2
)
− i2
+2
(
(φ (1))2
)
i
2
, δ (02) =−4
(
ψ(1)
)2
J
, (3.49)
and
K(10) =
pi
2
∫ ∞
−∞
dt
cosh2(pit)
δ (10)(t), K(01) =
pi
2
∫ ∞
−∞
dt
cosh2(pit)
δ (01)(t), K(11) = 0, (3.50)
K(20) =
pi
2
∫ ∞
−∞
dt
cosh2(pit)
δ (20)(t)+
pi
2
∫ dt0dt1 g(t1− t0)
cosh(pit0)cosh(pit1)
[
δ (10)(t0),δ (10)(t1)
]
, (3.51)
K(02) =
pi
2
∫ ∞
−∞
dt
cosh2(pit)
δ (02)(t)+
pi
2
∫ dt0dt1 g(t1− t0)
cosh(pit0)cosh(pit1)
[
δ (01)(t0),δ (01)(t1)
]
. (3.52)
Setting Φ and Ψ in the above expressions to Ω or Ψ or Φ we obtain, respectively, KΩΦ,KΦΩ,KΨ
and KΦ.
In (3.48)–(3.49) we have used the following two operations for an operator A ∈M :
AJ = JΩAJΩ ∈M ′, A±i/2 = ∆±1/2Ω A∆∓1/2Ω (3.53)
where the operator Ai/2 is the modular flow of A by an imaginary amount −i/2. The operators
A±i/2 commute with everything inM ′. To see this, note that A i
2
= ∆ 12 A∆− 12 = JSASJ (suppressing
Ω subscript for J and ∆), and for any B,C ∈M
[SAS,B]|C〉= (SASBC−BSASC)|Ω〉= (BCA†−BCA†)|Ω〉= 0 . (3.54)
Since |C〉 form a dense subset we conclude that
[SAS,B] = 0 . (3.55)
Now for any operator A′ ∈M ′ we can write it as A′ = JBJ for some B ∈M , we then conclude that
[Ai/2,A
′] = [JSASJ,JBJ] = J[SAS,B]J = 0 . (3.56)
Similarly for A−i/2.
Going back to (3.48)–(3.49). From (3.56) we have
[ψ(1)− i2
,ψ(1)J ] = 0, [φ
(1)
− i2
(t),ψ(1)J (t
′)] = 0 (3.57)
which can be used to obtain the relative Hamiltonian
hΦΨ = KΦΨ−KΨ = KΦ−KΨΦ . (3.58)
At the first order in λ and µ we have
KΦΨ−KΨ = λ (K(10)ΦΨ −K(10)ΨΨ )+µ(K(01)ΦΨ −K(01)ΨΨ )+ · · ·
=
pi
2
∫ ∞
−∞
dt
cosh2(pit)
(
µ
(
Ψ− i2 +Ψ i2
)
−λ
(
Φ− i2 +Φ i2
))
+ · · ·
= λ (K(10)ΦΦ −K(10)ΨΦ )+µ(K(01)ΦΦ −K(01)ΨΦ )+ · · · . (3.59)
It can be checked explicitly that at higher orders in perturbation theory the identity (3.58) is satis-
fied.
– 18 –
3.5 Relative entropy and Fisher information
We now examine the behavior of relative entropy (2.42) between two states generated by (3.45).
We expand S(Ψ‖Φ) explicitly in terms of λ ,µ as
S(Ψ‖Φ) =−〈Ψ| log∆ΦΨ|Ψ〉= S(0)+λS(10)+µS(01)+λµS(11)+ λ
2
2
S(20)+
µ2
2
S(02) · · ·
It can be readily seen that S(0) = S(10) = S(01) = 0 due to the fact that KΩ|Ω〉 = 0, ∆Ω|Ω〉 = |Ω〉,
and
〈
Ω|δ (10)ΦΨ (t)|Ω
〉
=
〈
Ω|δ (01)ΦΨ |Ω
〉
= 0 (from (3.46)). At order λµ we find the Kubo-Mori Fisher
information
FΩ(Ψ,Φ) = S(11)(Ψ‖Φ) =
〈
Ω
∣∣∣{ψ(1),K(10)ΦΨ }∣∣∣Ω〉
= −pi
2
∫ dt
cosh2(pit)
〈
(ψ(1))(∆1/2+∆−1/2)φ (1)(t)
〉
+h.c. (3.60)
which is manifestly symmetric in Ψ and Φ. Similar expressions for the Kubo-Mori Fisher infor-
mation have been obtained in [38, 39]
Furthermore, S(20) and S(02) are given by
S(02)(Ψ‖Φ) =
〈
Ω
∣∣∣2ψ(1)KΩψ(1)+2{K(01)ΦΨ ,ψ(1)}+K(02)ΦΨ ∣∣∣Ω〉
S(20)(Ψ‖Φ) =
〈
Ω
∣∣∣K(20)ΦΨ ∣∣∣Ω〉 . (3.61)
Various terms in the above expressions can be written more explicitly as
2
〈
Ω
∣∣∣{K(01)ΦΨ ,ψ(1)}∣∣∣Ω〉= 4pi ∫ dtcosh2(pit)
〈
Ω|ψ(1)ψ(1)J (t)|Ω
〉
, (3.62)〈
Ω
∣∣∣K(02)ΦΨ ∣∣∣Ω〉=−4〈Ω ∣∣∣(ψ(1))2∣∣∣Ω〉+2pi ∫ dt0dt1g(t1− t0)cosh(pit0)cosh(pit1)〈[ψJ(t0),ψJ(t1)]〉
=−4
〈
Ω
∣∣∣(ψ(1))2∣∣∣Ω〉+pi ∫ ds sg(s)
sinh(pis)
〈
Ω|ψ(1)(∆−is−∆is)ψ(1)|Ω
〉
, (3.63)
where we have changed variables s = t1− t0 and t = t1 + t0 in the last line, and used J∆isJ = ∆is.
Similarly,〈
Ω
∣∣∣K(20)ΦΨ ∣∣∣Ω〉= 4〈Ω ∣∣∣(φ (1))2∣∣∣Ω〉+pi ∫ ds sg(s)sinh(pis)〈Ω|φ (1)(∆1/2+∆−1/2)2(∆−is−∆is)φ (1)|Ω〉 .
(3.64)
4 Generalized free fields
As an illustration of the general formalism of Sec. 3, in this section, we consider the modular and
relative modular operators for coherent and squeezed states in a theory of generalized free fields.
Suppose φ is a generalized free field with commutator
[φ(x),φ(y)] =−i∆(x− y), (4.1)
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where ∆(x−y) is some distribution multiplied by the identity operator. For a regionO , we consider
smear fields Φ( f ) =
∫
O f (x)φ(x) with f (x) to have support in O (i.e. vanish at the boundary of the
region). The algebra of local operators in O is generated by unitary operators W ( f ) = eiΦ( f ), with
multiplication rule W ( f )W (g) = eiσ( f ,g)W ( f + g),8 where σ( f ,g) is an anti-symmetric bilinear
determined from (4.1). We will take O to be the right Rindler wedge x1 > |t|, for which the
vacuum modular Hamiltonian KΩ is simply the boost operator, which acts on Φ( f ) as
eiKΩtΦ( f )e−iKΩt =Φ(etD f )≡Φ( ft), D = (x1∂0+ x0∂1) . (4.2)
4.1 Unitary states
4.1.1 Coherent states
Consider the unitary coherent state
| f 〉=U( f )|Ω〉, U( f ) = eiΦ( f ) . (4.3)
Recall from our discussion of Sec. 3.2 that the modular Hamiltonian KU for a state |U〉 = U |Ω〉
generated from a unitary operator U is
KU =UKΩU† . (4.4)
As a result, the modular flow in these excited states act as
∀a ∈A (O) : eiKU tae−iKU t =UeiKΩt(U†aU)e−iKΩtU† = AdU ((AdU−1(a))(t)) (4.5)
∀a′ ∈A (O)′ : eiKU ta′e−iKU t =UeiKΩta′e−iKΩtU† = AdU
(
a′(t)
)
(4.6)
where AdU(a) =UaU† and a(t) = eiKΩtae−iKΩt . Below for a self-adjoint operator Φ we will also
use the notation adΦa = [Φ,a]. We then have for (4.3)
∆ f = e−2piK f K f =U( f )KΩU†( f ) . (4.7)
To compute (4.4)–(4.6) we note the commutators
[Φ( f ),Φ(g)] =−i
∫
f (x)∆(x− y)g(y)≡−i〈 f ,∆g〉 (4.8)
adΦ( f )KΩ = [Φ( f ),KΩ] =
∫
R
f (x)[φ(x),KΩ] =−i
∫
R
f (x)Dφ(x) = iΦ(D f ) (4.9)
ad2Φ( f )KΩ = [Φ( f ), [Φ( f ),KΩ]] = 〈 f ,∆D f 〉 (4.10)
adnΦ( f )KΩ = [Φ( f ),ad
n−1
Φ( f )KΩ] = 0 ∀n > 2, (4.11)
where we have used an integration by part since f (x) vanishes on the boundary of R: DΦ( f ) =
−Φ(D f ). The series expansion that corresponds to K f truncates because the second nested opera-
tor is proportional to identity:
K f =
∞
∑
n=0
1
n!
adniΦ( f )K = K+[iΦ( f ),K]+
1
2
[iΦ( f ), [iΦ( f ),K]]+ · · ·
= K−Φ(D f )− 1
2
〈 f ,∆D f 〉 . (4.12)
8In the case of a free scalar field we mod out W ( f ) by the solutions to the Klein-Gordon equation of motion to make
σ( f ,g) non-degenerate. In this case, σ( f ,g) is a symplectic form in phase space.
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This form of the modular Hamiltonian is non-local; however, its non-locality is of the form of an
integral over the Rindler wedge of a local operator, and a term that is bi-local in the region and
proportional to the identity operator. Terms that are proportional to the identity operator do not
contribute to the modular flow. To compute the modular evolution of an operator Φ(g) we need
adK fΦ(g)≡ [K f ,Φ(g)] = (−i)(Φ(Dg)+ 〈 f ,∆Dg〉)
ad2K fΦ(g)≡ [K f , [K f ,Φ(g)]] = (−i)2
(
Φ(D2g)+ 〈 f ,∆D2g〉)
adnK fΦ(g)≡ [K f , · · · [K f ,Φ(g)]] = (−i)n (Φ(Dng)+ 〈 f ,∆Dng〉) . (4.13)
The modular flow becomes
eitK fΦ(g)e−itK f =
∞
∑
n=0
1
n!
adnitK fΦ(g) =Φ(g2pit)+ 〈 f ,∆g2pit〉−〈 f ,∆g〉, gt = etDg . (4.14)
The relative modular flow of the state | f 〉with respect to the vacuum is the same as the modular
flow of the state | f 〉
∆ fΩ = ∆ f (4.15)
and the unitary cocyle for the state | f 〉 with respect to the vacuum |Ω〉 is
u fΩ(t) = eitK f e−itKΩ . (4.16)
The above discussion does not depend on the nature of generalized free field φ or the specific
form of the modular KΩ. As far as KΩ and its modular flow are known we can obtain those of K f .
For φ an ordinary free scalar field with mass m, one can proceed alternatively. In this KΩ can be
considered as an operator built from φ and its canonical momentum pi , i.e KΩ = KΩ(φ ,pi). Note
that
AdUφ(x) =U( f )φ(x)U†( f ) = φ(x)+ [iΦ( f ),φ(x)] = φ(x)+ f˜ (x), (4.17)
AdUpi(x) =U( f )pi(x)U†( f ) = φ(x)+ [iΦ( f ),pi(x)] = pi(x)+∂t f˜ (x) (4.18)
where
f˜ (x) =
∫
R
f (y)∆(y− x)≡ 〈 f ,∆δ 〉 . (4.19)
We can then write K f as
K f = KΩ(φ + f˜ ,pi+∂t f˜ ) . (4.20)
Accordingly, the modular flow in this excited state can be written as
eiK f tφ(x)e−iK f t =U( f )eiKΩtU( f )†φ(x)U( f )e−iKΩtU( f )†
=U( f )
(
φ(x2pit)− f˜ (x)
)
U( f )† = φ(x2pit)+ f˜ (x2pit)− f˜ (x) . (4.21)
Equation (4.21) is consistent with (4.14) if we choose g = δ (x− y) such that Φ(g) = φ(x).
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4.1.2 Unitary squeezed states
Now consider the state | fs〉 = eiΦ( f )2 |Ω〉 where Φ( f ) =
∫
R f (x)φ(x). These correspond to unitary
squeezed coherent states because the operator Φ( f )2 is second order in creation and annihilation
operators. Note that Φ( f )2 is bi-local. The modular Hamiltonian of this state is
K fs = e
iΦ( f )2Ke−iΦ( f )
2
(4.22)
which is found by considering
U( fs)φ(x)U†( fs) = φ(x)+ i[Φ( f )2,φ(x)] = φ(x)+2Φ( f ) f˜ (x)
U( fs)pi(x)U†( fs) = pi(x)+ i[Φ( f )2,pi(x)] = pi(x)+2Φ( f )∂t f˜ (x)
f˜ (y) =
∫
R
f (x)∆(x− y) = 〈 f ,∆δ 〉 . (4.23)
Therefore, the modular Hamiltonian of | fs〉 and the relative modular Hamiltonian of | fs〉 with
respect to the vacuum are
K f = K fΩ = K
(
φ(x)+2Φ( f ) f˜ ,pi(x)+2Φ( f )∂t f˜ (x)
)
. (4.24)
The modular flow of operator Φ(g) in this excited state is
eitK fsΦ(g)e−itK fs = eiΦ( f )
2
eitKe−iΦ( f )
2
Φ(g)eiΦ( f )
2
e−itKe−iΦ( f )
2
= eiΦ( f )
2
eitK (Φ(g)−2Φ( f )〈 f ,∆g〉)e−itKe−iΦ( f )2
= eiΦ( f )
2
(Φ(gt)−2Φ( ft)〈 f ,∆g〉)e−iΦ( f )2
= Φ(gt)−2Φ( ft)〈 f ,∆g〉+2Φ( f )〈 f ,∆gt〉−4Φ( f )〈 f,∆ ft〉〈 f ,∆g〉 (4.25)
The unitary cocyle flow is
(D f2 : DΩ)(t)φ(x)(D f2 : DΩ)†(t) = φ(x)+2Φ( f ) f˜ (x)−2 f˜ (x−2pit)Φ2pit( f )
Φt( f )≡
∫
R
f (x)φ(xt)+2Φ( f )
∫
R
f (x) f˜ (xt) . (4.26)
Similar to the discussion of coherent states the BCH expansion can be used to obtain an ex-
pression for the modular Hamiltonian in terms of an integral over the Rindler wedge. To this aim,
we compute the following commutators
adΦ( f )2K = [Φ( f )2,K] = i(Φ( f )Φ(D f )+Φ(D f )Φ( f ))
[Φ( f )2,Φ(g)Φ(h)] =−2i(Φ( f )Φ(h)〈 f ,∆g〉+Φ(g)Φ( f )〈 f ,∆h〉) (4.27)
where we have assumed that f (x) vanishes on the boundary of the right Rindler wedge. Note that
by anti-symmetry of ∆(x− y) we have 〈 f ,∆ f 〉= 0. Therefore,
ad2Φ( f )2K = [Φ( f )
2, [Φ( f )2,K]] = 4〈 f ,∆D f 〉Φ2( f )
adnΦ( f )2K = [Φ( f )
2, · · · , [Φ( f )2, [Φ( f )2,K]]] = 0 n > 2 . (4.28)
Plugging this in the BCH expansion of 4.22 we find
K fs = K− (Φ( f )Φ(D f )+Φ(D f )Φ( f ))−2〈 f ,∆D f 〉Φ( f )2, (4.29)
where we have used integration by parts DΦ( f ) =−Φ(D f ).
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4.2 Non-unitary states
Now, we consider non-unitary states generated by non-unitary operators of the type e−αΦ( f ) and
e−αΦ( f )2 . These states are of physical interest as they may be considered as representing states
generated by unitary operators whose supports lie outside of the region O . For instance, consider
a free scalar field theory of φ . One can show that eiΦ( f )|Ω〉 with a smearing function f supported
outside of O is equal to eΦ( f˜ )|Ω〉 with f˜ complex and supported inside O; see appendix E. Note
that the operator e−αΦ( f )2 is bounded with an (unbounded) inverse, which lies within the subset of
operators we discussed in Sec. 3. But e−αΦ( f ) is not bounded, and thus lies outside.
But the formula derived previously for the relative Tomita operator continues to hold for this
case. This follows from the Bisognano-Wichmann theorem and the closure of the Tomita opertor.
As a first example, let us compute the relative modular Hamiltonian KΩ fλ in a perturbation
theory in λ , where fλ corresponds to the state e−λΦ( f )|Ω〉. From Wick’s theorem we know that
〈e2λΦ〉= exp(2λ 2〈Φ2〉). Therefore,
KΩ fλ =− log
(
∆1/2Ω e
2λΦJ∆1/2Ω
)
+2λ 2〈Φ2〉 . (4.30)
Given the exponential form of the operator e−λJΦ( f ) and the fact that after the truncation in their
spectrum the operators are bounded one can use the Baker-Campbell-Hausdorff expansion (BCH)
to compute the above expression. In appendix F we compute the above logarithm using both the
BCH expansion and the real-time expansion scheme introduced in Sec. 3.3. The final result is given
by
KΩ fλ = KΩ+2λ
2〈Φ( f )2〉−λpi
∫ dt
cosh2(pit)
ΦJ( ft)
+piλ 2
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
[ΦJ( ft1),ΦJ( ft2)] . (4.31)
where Φ( ft) was defined in (4.2) and the function g(t) is defined in (3.37). Interestingly, the series
expansion of KΩ fλ terminates at order λ
2 due to the fact that the commutator of fundamental free
fields is proportional to the identity operator.
Similarly, one can find K fλ gλ where fλ and gλ correspond to e
−λΦ( f )|Ω〉 and e−λΦ(g)|Ω〉,
respectively. From (3.44) we have
α fλ gλ = e
−λΦ−i/2( f )e2λΦ(g)e−λΦi/2( f ), (4.32)
and the relative modular Hamiltonian is
K fλ gλ =
piλ
2
∫ ∞
−∞
dt
cosh2(pit)
(
Φ( f )i/2+Φ( f )−i/2−ΦJ(g)
)
+piλ 2
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
[ΦJ(gt1),ΦJ(gt2)]
+piλ 2
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
[Φ( ft1)i/2+Φ( ft1)−i/2,Φ( ft2)i/2+Φ( ft2)−i/2] .
See Appendix G for a discussion of the commutator [Φi/2( f ),Φ−i/2](g).
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As a second example, we consider the non-unitary squeezed state | f˜2〉 = e−Φ( f )2 |Ω〉. We
would like to compute KΩ f˜2 for this state and derive the modular flow. In this case, we find that the
operator δ defined in (3.44) is
δ =−2tanh(λΦJ( f )2) (4.33)[
ΦJ( f )2,ΦJ(g)2
]
= 2{ΦJ( f ),ΦJ(g)}[ΦJ( f ),ΦJ(g)] (4.34)[[
ΦJ( f )2,ΦJ(g)2
]
,ΦJ(h)2
]
=
4[ΦJ( f ),ΦJ(g)] ({ΦJ( f ),ΦJ(h)}[ΦJ(g),ΦJ(h)]+{ΦJ(g),ΦJ(h)}[ΦJ( f ),ΦJ(h)]) . (4.35)
Using Wick’s theorem we can find the normalization of this state to be 〈e−2λΦ2〉= (1+4λΦ2)−1/2.
Then, the relative modular operator is
KΩ f˜2 = KΩ−
1
2
log(1+4λ 〈Φ2〉)−λpi
∫ dt
cosh2(pit)
ΦJ( ft)2
+
piλ 2
2
∫ dt0dt1g(t1− t0)
cosh(pit0)cosh(pit1)
({ΦJ( ft0),ΦJ( ft1)}[ΦJ( ft0),ΦJ( ft1)])
− 16piλ
3
3
∫ dt0dt1dt2
cosh(pit0)cosh(pit2)
g(t1− t0)g(t2− t1)[ΦJ( ft0),ΦJ( ft1)] (4.36)
×
(
{ΦJ( ft0),ΦJ( ft2)}[ΦJ( ft1),ΦJ( ft2)]+{ΦJ( ft1),ΦJ( ft2)}[ΦJ( ft0),ΦJ( ft2)]
)
+O(λ 5) .
Similar expressions hold for K f˜2g˜2 .
5 Conclusions
In this paper, we developed a formalism to obtain the modular and the relative modular operator
of general excited states from the modular operator in the vacuum. This enables us to obtain the
modular and the relative modular flow of all excited states. It would be interesting to apply these
techniques to more examples of excited states and more general regions of a QFT. We would also
like to point out a few future directions for potential applications of our work:
1. The study of modular flows in excited states of a conformal field theory for a half-space or
spherical regions for which the vacuum modular operators are known explicitly [13, 26].
2. The study of modular flows for regions which are obtained from half space by small deforma-
tions in a general excited state. Such modular flows have played an important role in recent
proofs of the average null energy condition and quantum null energy condition [10, 48].
The techniques and perspectives developed here could be helpful for finding a simpler proof
of the quantum null energy condition, which currently requires rather intricate replica trick
discussions [10].
3. The study of modular flows in conformal perturbation theory (i.e. conformal field theory
perturbed by a relevant operator).
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4. The study of the entanglement wedge reconstruction in holography. Furthermore, the entan-
glement entropy of the boundary theory for disconnected regions can undergo “phase tran-
sitions" as one varies the size of boundary regions [49]. This implies that the entanglement
wedge in the bulk and its modular flow patterns also undergo a similar transition.
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A Tensor diagrams
In 1971 Penrose proposed a diagrammatic notation to graphically represent tensor manipulations
[50]. This tensor diagram notation was further generalized and evolved into the tensor network
notation that is, nowadays, widely used in the study of multi-partite finite quantum systems and
quantum information theory. See [51] for a review. In this appendix, we use tensor network
diagrams to graphically represent the statements of the Tomita-Takesaki theory.
A tensor with k indices can be thought of as an k-dimensional array of complex numbers that
we depict by a box with k legs attached. A box with one leg attached represents a complex vector
that we choose to belong to a local Hilbert space H of dimension d written in a particular basis,
see figure 1 (b) (we often represent vectors with triangles and arrays with more indices with boxes).
We pick the convention that a leg at the top of the box represents a ket vector in a Hilbert space
|ψ〉, and an leg to the bottom is a dual vector 〈ψ|. Therefore, a box with a leg below and above is a
linear operator A :H →H . Attaching legs has the interpretation of computing the inner product
of two vectors; figure 2 (d). For simplicity, we assume all local Hilbert spaces to be isomorphic.
The implicit choice of basis picked by thinking of an array of complex numbers as linear operators
in this notation is often referred to as the computational basis. A tensor with m legs to the bottom
and n to is a linear operator fromH ⊗m toH ⊗n.
The discussion below parallels the discussion in section 2.2. A density matrix σ can be thought
of either as a map fromH →H or as its purification in a two-copy Hilbert spaceHL⊗HR:
|Ω〉=
d
∑
a=1
√
λa|a〉L|a〉R . (A.1)
Here, the two copies HL and HR are isomorphic. It is convenient to use the Schmidt basis of |Ω〉
to define an unnormalized maximally entangled state
|EΩ〉 ≡∑
a
|a〉L|a〉R (A.2)
as we did in (2.8). It is clear that |Ω〉 = (σ1/2⊗I )|EΩ〉; see figure 2. The expectation value of
an operator A ∈HL in density matrix σ is 〈Ω|A|Ω〉= tr(σA). Note that the state |EΩ〉 provides a
definition of a trace for operators: 〈EΩ|A|EΩ〉= tr(A). This is because 〈EΩ|AB|EΩ〉= 〈EΩ|BA|EΩ〉.
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· · ·<latexit sha1_base64="z/9 UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8e FDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd2 9nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJb eF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeS RpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z 6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4 n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1 ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGH xhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit ><latexit sha1_base64="z/9 UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8e FDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd2 9nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJb eF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeS RpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z 6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4 n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1 ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGH xhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit ><latexit sha1_base64="z/9 UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8e FDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd2 9nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJb eF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeS RpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z 6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4 n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1 ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGH xhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit ><latexit sha1_base64="z/9 UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8e FDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd2 9nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJb eF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeS RpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z 6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4 n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1 ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGH xhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit >
A
<latexit sha1_base64="eaI CNWUkG2dD/NmlK40E5LnHBTE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE8ONU8eKxirGFNpTNdtIu3WzC7kYopf/Ai wcVr/4kb/4bN20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrl Y3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRd e63HlFpnsh7M04xiOlA8ogzaqx0d1XpVWtu3Z2B/CVeQWpQo Nmrfnb7CctilIYJqnXHc1MTTKgynAmcVrqZxpSyER1gx1JJY 9TBZHbplBxZpU+iRNmShszUnxMTGms9jkPbGVMz1IteLv7nd TITnQcTLtPMoGTzRVEmiElI/jbpc4XMiLEllClubyVsSBVlx oaTh+AtvvyX+Cf1i7p3e1prXBZplOEADuEYPDiDBtxAE3xgE METvMCrM3KenTfnfd5acoqZffgF5+MbM1SMpQ==</latexit ><latexit sha1_base64="eaI CNWUkG2dD/NmlK40E5LnHBTE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE8ONU8eKxirGFNpTNdtIu3WzC7kYopf/Ai wcVr/4kb/4bN20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrl Y3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRd e63HlFpnsh7M04xiOlA8ogzaqx0d1XpVWtu3Z2B/CVeQWpQo Nmrfnb7CctilIYJqnXHc1MTTKgynAmcVrqZxpSyER1gx1JJY 9TBZHbplBxZpU+iRNmShszUnxMTGms9jkPbGVMz1IteLv7nd TITnQcTLtPMoGTzRVEmiElI/jbpc4XMiLEllClubyVsSBVlx oaTh+AtvvyX+Cf1i7p3e1prXBZplOEADuEYPDiDBtxAE3xgE METvMCrM3KenTfnfd5acoqZffgF5+MbM1SMpQ==</latexit ><latexit sha1_base64="eaI CNWUkG2dD/NmlK40E5LnHBTE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE8ONU8eKxirGFNpTNdtIu3WzC7kYopf/Ai wcVr/4kb/4bN20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrl Y3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRd e63HlFpnsh7M04xiOlA8ogzaqx0d1XpVWtu3Z2B/CVeQWpQo Nmrfnb7CctilIYJqnXHc1MTTKgynAmcVrqZxpSyER1gx1JJY 9TBZHbplBxZpU+iRNmShszUnxMTGms9jkPbGVMz1IteLv7nd TITnQcTLtPMoGTzRVEmiElI/jbpc4XMiLEllClubyVsSBVlx oaTh+AtvvyX+Cf1i7p3e1prXBZplOEADuEYPDiDBtxAE3xgE METvMCrM3KenTfnfd5acoqZffgF5+MbM1SMpQ==</latexit ><latexit sha1_base64="eaI CNWUkG2dD/NmlK40E5LnHBTE=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE8ONU8eKxirGFNpTNdtIu3WzC7kYopf/Ai wcVr/4kb/4bN20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrl Y3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLRd e63HlFpnsh7M04xiOlA8ogzaqx0d1XpVWtu3Z2B/CVeQWpQo Nmrfnb7CctilIYJqnXHc1MTTKgynAmcVrqZxpSyER1gx1JJY 9TBZHbplBxZpU+iRNmShszUnxMTGms9jkPbGVMz1IteLv7nd TITnQcTLtPMoGTzRVEmiElI/jbpc4XMiLEllClubyVsSBVlx oaTh+AtvvyX+Cf1i7p3e1prXBZplOEADuEYPDiDBtxAE3xgE METvMCrM3KenTfnfd5acoqZffgF5+MbM1SMpQ==</latexit >
m
<latexit sha1_base64="I7b 3RhtrnjkzINevuQp4wFqDkHU=">AAAB6HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBF w+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJua W//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N /fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v /zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04 XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3Mx rfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyK bkQgtWX10nrqhr41aBxXan5eRxFOINzuIQAbqAG91CHJjBAe IZXePMevRfv3ftYtha8fOYU/sD7/AHQI4zf</latexit><latexit sha1_base64="I7b 3RhtrnjkzINevuQp4wFqDkHU=">AAAB6HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBF w+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJua W//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N /fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v /zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04 XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3Mx rfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyK bkQgtWX10nrqhr41aBxXan5eRxFOINzuIQAbqAG91CHJjBAe IZXePMevRfv3ftYtha8fOYU/sD7/AHQI4zf</latexit><latexit sha1_base64="I7b 3RhtrnjkzINevuQp4wFqDkHU=">AAAB6HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBF w+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJua W//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N /fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v /zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04 XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3Mx rfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyK bkQgtWX10nrqhr41aBxXan5eRxFOINzuIQAbqAG91CHJjBAe IZXePMevRfv3ftYtha8fOYU/sD7/AHQI4zf</latexit><latexit sha1_base64="I7b 3RhtrnjkzINevuQp4wFqDkHU=">AAAB6HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoMeAF48JmAckS5id9CZjZmaXmVkhhHyBF w+KePWTvPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJua W//4PCofHzSMkmmGTZZIhLdiahBwRU2LbcCO6lGKiOB7Wh8N /fbT6gNT9SDnaQYSjpUPOaMWic1ZL9c8av+AmSdBDmpQI56v /zVGyQsk6gsE9SYbuCnNpxSbTkTOCv1MoMpZWM6xK6jiko04 XRx6IxcOGVA4kS7UpYs1N8TUyqNmcjIdUpqR2bVm4v/ed3Mx rfhlKs0s6jYclGcCWITMv+aDLhGZsXEEco0d7cSNqKaMuuyK bkQgtWX10nrqhr41aBxXan5eRxFOINzuIQAbqAG91CHJjBAe IZXePMevRfv3ftYtha8fOYU/sD7/AHQI4zf</latexit>
n
<latexit sha1_base64="Per QY4Ec3SbFkGNvlZnJWolQc20=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdy t7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN /c7T6g0T+SDmaYYxHQkecQZNVZqyUG15tbdBcg68QpSgwLNQ fWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB /ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJ roNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNp mJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8 Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="Per QY4Ec3SbFkGNvlZnJWolQc20=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdy t7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN /c7T6g0T+SDmaYYxHQkecQZNVZqyUG15tbdBcg68QpSgwLNQ fWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB /ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJ roNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNp mJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8 Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="Per QY4Ec3SbFkGNvlZnJWolQc20=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdy t7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN /c7T6g0T+SDmaYYxHQkecQZNVZqyUG15tbdBcg68QpSgwLNQ fWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB /ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJ roNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNp mJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8 Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="Per QY4Ec3SbFkGNvlZnJWolQc20=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdy t7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN /c7T6g0T+SDmaYYxHQkecQZNVZqyUG15tbdBcg68QpSgwLNQ fWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB /ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJ roNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNp mJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8 Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit>
· · ·<latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM =">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NM DMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBK Fqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJ HP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2 Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit><latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM =">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NM DMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBK Fqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJ HP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2 Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit><latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM =">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NM DMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBK Fqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJ HP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2 Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit><latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM =">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NM DMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBK Fqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJ HP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2 Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit>
n
<latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit>
···
<latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit> <latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit> <latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit> <latexit sha1_base64="z/9UgJvJkRQChwjQS2Ku3M+5gUM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFtoQ9lstu3SzSbsToQS+iO8eFDx6v/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx49miTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJbeF3nrg2IlEPOE15ENOREkPBKFqp02dRgqY2qDfcpjsHWSVeSRpQoj2of/WjhGUxV8gkNabnuSkGOdUomOSzWj8zPKVsQke8Z6miMTdBPj93Rs6sEpFhom0pJHP190ROY2OmcWg7Y4pjs+wV4n9eL8PhdZALlWbIFVssGmaSYEKK30kkNGcop5ZQpoW9lbAx1ZShTagIwVt+eZX4F82bpnd/2Wi5ZRpVOIFTOAcPrqAFd9AGHxhM4Ble4c1JnRfn3flYtFaccuYY/sD5/AFL0Y8F</latexit>
(c)
<latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM =">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeD DPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoG EUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZq L8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvV xr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM =">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeD DPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoG EUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZq L8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvV xr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM =">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeD DPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoG EUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZq L8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvV xr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit><latexit sha1_base64="jMLG+9AiMMhabmOjrdKokDXe3xM =">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBT0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeD DPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoG EUrPVTZ5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZq L8nMhoZM40C2xlRHJtVby7+5/VSDG/8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddK+qnluzbuvV xr1PI4inME5VMGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCHf40+</latexit>
n
<latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit><latexit sha1_base64="PerQY4Ec3SbFkGNvlZnJWolQc20 =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w 8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZN VZqyUG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nc hprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hF nGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPRp4zg</latexit>
v
<latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit>
v
<latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit><latexit sha1_base64="1J7gbioknCRHsyprpSKt9Vs6b6s =">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvHhswX5AG8pmO2nXbjZhd1Moob/AiwdFvPqTvPlv3LY5aOuDgcd7M 8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38/99gSV5rF8NNME/YgOJQ85o 8ZKjUm/XHGr7gJknXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgr9VKNCWVjOsSupZJGqP1sceiMXFhlQMJY2ZKGLNTfE xmNtJ5Gge2MqBnpVW8u/ud1UxPe+hmXSWpQsuWiMBXExGT+NRlwhcyIqSWUKW5vJWxEFWXGZlOyIXirL6+T1lXVc6te47pSu 8vjKMIZnMMleHADNXiAOjSBAcIzvMKb8+S8OO/Ox7K14OQzp/AHzucP4MmM8g==</latexit> ···
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Figure 1. (a) A tensor with m lines attached to the bottom and n lines to the top represents a linear operator
from H ⊗m →H ⊗n (b) A ket vector represents a quantum state |v〉 ∈H ⊗n in a particular basis. (c) The
dual bra 〈v| (d) An example of an inner product between states with different number of legs: 〈w|v〉 ∈H .
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 1/2
<latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit><latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit><latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit>
(c)
<latexit sha1_base64="9y4HNaps5XSmo4JxS9YqVPVfObk =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/BiwcVr/4jb/4bt20O2vpg4PHeD DPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISj KKV7qvsvFeuuDV3DrJKvJxUIEezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV 39PTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvrxL/onZdc+/ql UY9T6MIJ3AKVfDgEhpwC03wgcEAnuEV3hzpvDjvzseiteDkM8fwB87nD/VGjRE=</latexit><latexit sha1_base64="9y4HNaps5XSmo4JxS9YqVPVfObk =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/BiwcVr/4jb/4bt20O2vpg4PHeD DPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISj KKV7qvsvFeuuDV3DrJKvJxUIEezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV 39PTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvrxL/onZdc+/ql UY9T6MIJ3AKVfDgEhpwC03wgcEAnuEV3hzpvDjvzseiteDkM8fwB87nD/VGjRE=</latexit><latexit sha1_base64="9y4HNaps5XSmo4JxS9YqVPVfObk =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/BiwcVr/4jb/4bt20O2vpg4PHeD DPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISj KKV7qvsvFeuuDV3DrJKvJxUIEezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzU6fkzCp9EiXalkIyV 39PTGhszDgObWdMcWiWvZn4n9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvrxL/onZdc+/ql UY9T6MIJ3AKVfDgEhpwC03wgcEAnuEV3hzpvDjvzseiteDkM8fwB87nD/VGjRE=</latexit>
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<latexit sha1_base64="GZH 630qwE6oyZe/i8J9FHF3F4EQ=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+stbwizTKcAKncA4BXEED7qAJI RB4hGd4hTdPeS/eu/exaC15xcwx/IH3+QMDD47k</latexit ><latexit sha1_base64="GZH 630qwE6oyZe/i8J9FHF3F4EQ=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+stbwizTKcAKncA4BXEED7qAJI RB4hGd4hTdPeS/eu/exaC15xcwx/IH3+QMDD47k</latexit ><latexit sha1_base64="GZH 630qwE6oyZe/i8J9FHF3F4EQ=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+stbwizTKcAKncA4BXEED7qAJI RB4hGd4hTdPeS/eu/exaC15xcwx/IH3+QMDD47k</latexit >
 
<latexit sha1_base64="EI2 SeMm/r1kf8k8LYWN/OJeD+9U=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+sta4LNIowwmcwjkEcAUNuIMmh EDgEZ7hFd485b14797HorXkFTPH8Afe5w8EQ47o</latexit ><latexit sha1_base64="EI2 SeMm/r1kf8k8LYWN/OJeD+9U=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+sta4LNIowwmcwjkEcAUNuIMmh EDgEZ7hFd485b14797HorXkFTPH8Afe5w8EQ47o</latexit ><latexit sha1_base64="EI2 SeMm/r1kf8k8LYWN/OJeD+9U=">AAAB7HicbVDLSgNBEOyNr xhfUY9eBoPgKeyKoN4CXjxGcJNAsoTZyWwyZh7LzKwQlvyDF w8qXv0gb/6Nk2QPmljQUFR1090Vp5wZ6/vfXmltfWNzq7xd2 dnd2z+oHh61jMo0oSFRXOlOjA3lTNLQMstpJ9UUi5jTdjy+n fntJ6oNU/LBTlIaCTyULGEEWye1eoYNBe5Xa37dnwOtkqAgN SjQ7Fe/egNFMkGlJRwb0w381EY51pYRTqeVXmZoiskYD2nXU YkFNVE+v3aKzpwyQInSrqRFc/X3RI6FMRMRu06B7cgsezPxP 6+b2eQ6yplMM0slWSxKMo6sQrPX0YBpSiyfOIKJZu5WREZYY 2JdQBUXQrD88ioJL+o3df/+sta4LNIowwmcwjkEcAUNuIMmh EDgEZ7hFd485b14797HorXkFTPH8Afe5w8EQ47o</latexit >
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<latexit sha1_base64="sN0 bYzi8ltLkK277Vv/KMjJGRxo=">AAAB83icbVBNSwMxFHxbv 2r9qnr0EiyCp5IVQb0VvPTgoYJrC+1Ssmm2Dc1m1yRbKEt/h xcPKl79M978N2bbPWjrQGCYeY83mSARXBuMv53S2vrG5lZ5u 7Kzu7d/UD08etRxqijzaCxi1QmIZoJL5hluBOskipEoEKwdj G9zvz1hSvNYPphpwvyIDCUPOSXGSn4vImZEicias/5dv1rDd TwHWiVuQWpQoNWvfvUGMU0jJg0VROuuixPjZ0QZTgWbVXqpZ gmhYzJkXUsliZj2s3noGTqzygCFsbJPGjRXf29kJNJ6GgV2M g+pl71c/M/rpia89jMuk9QwSReHwlQgE6O8ATTgilEjppYQq rjNiuiIKEKN7aliS3CXv7xKvIv6TR3fX9YauGijDCdwCufgw hU0oAkt8IDCEzzDK7w5E+fFeXc+FqMlp9g5hj9wPn8ANV6R3 g==</latexit><latexit sha1_base64="sN0 bYzi8ltLkK277Vv/KMjJGRxo=">AAAB83icbVBNSwMxFHxbv 2r9qnr0EiyCp5IVQb0VvPTgoYJrC+1Ssmm2Dc1m1yRbKEt/h xcPKl79M978N2bbPWjrQGCYeY83mSARXBuMv53S2vrG5lZ5u 7Kzu7d/UD08etRxqijzaCxi1QmIZoJL5hluBOskipEoEKwdj G9zvz1hSvNYPphpwvyIDCUPOSXGSn4vImZEicias/5dv1rDd TwHWiVuQWpQoNWvfvUGMU0jJg0VROuuixPjZ0QZTgWbVXqpZ gmhYzJkXUsliZj2s3noGTqzygCFsbJPGjRXf29kJNJ6GgV2M g+pl71c/M/rpia89jMuk9QwSReHwlQgE6O8ATTgilEjppYQq rjNiuiIKEKN7aliS3CXv7xKvIv6TR3fX9YauGijDCdwCufgw hU0oAkt8IDCEzzDK7w5E+fFeXc+FqMlp9g5hj9wPn8ANV6R3 g==</latexit><latexit sha1_base64="sN0 bYzi8ltLkK277Vv/KMjJGRxo=">AAAB83icbVBNSwMxFHxbv 2r9qnr0EiyCp5IVQb0VvPTgoYJrC+1Ssmm2Dc1m1yRbKEt/h xcPKl79M978N2bbPWjrQGCYeY83mSARXBuMv53S2vrG5lZ5u 7Kzu7d/UD08etRxqijzaCxi1QmIZoJL5hluBOskipEoEKwdj G9zvz1hSvNYPphpwvyIDCUPOSXGSn4vImZEicias/5dv1rDd TwHWiVuQWpQoNWvfvUGMU0jJg0VROuuixPjZ0QZTgWbVXqpZ gmhYzJkXUsliZj2s3noGTqzygCFsbJPGjRXf29kJNJ6GgV2M g+pl71c/M/rpia89jMuk9QwSReHwlQgE6O8ATTgilEjppYQq rjNiuiIKEKN7aliS3CXv7xKvIv6TR3fX9YauGijDCdwCufgw hU0oAkt8IDCEzzDK7w5E+fFeXc+FqMlp9g5hj9wPn8ANV6R3 g==</latexit>
HR
<latexit sha1_base64="zyByApPJeNFtsOFJaosrvoKykDw =">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp5IVQb0VvPRYxbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x 5tMkAiuDcbfTmltfWNzq7xd2dnd2z+oHh496jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7Gt7nfnjCleSwfzDRhfkSGkoecE mMlvxcRM6JEZM1Z/75freE6ngOtErcgNSjQ6le/eoOYphGThgqiddfFifEzogyngs0qvVSzhNAxGbKupZJETPvZPPQMnVllg MJY2ScNmqu/NzISaT2NAjuZh9TLXi7+53VTE177GZdJapiki0NhKpCJUd4AGnDFqBFTSwhV3GZFdEQUocb2VLEluMtfXiXeR f2mju8uaw1ctFGGEziFc3DhChrQhBZ4QOEJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPz5wkeQ=</latexit><latexit sha1_base64="zyByApPJeNFtsOFJaosrvoKykDw =">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp5IVQb0VvPRYxbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x 5tMkAiuDcbfTmltfWNzq7xd2dnd2z+oHh496jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7Gt7nfnjCleSwfzDRhfkSGkoecE mMlvxcRM6JEZM1Z/75freE6ngOtErcgNSjQ6le/eoOYphGThgqiddfFifEzogyngs0qvVSzhNAxGbKupZJETPvZPPQMnVllg MJY2ScNmqu/NzISaT2NAjuZh9TLXi7+53VTE177GZdJapiki0NhKpCJUd4AGnDFqBFTSwhV3GZFdEQUocb2VLEluMtfXiXeR f2mju8uaw1ctFGGEziFc3DhChrQhBZ4QOEJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPz5wkeQ=</latexit><latexit sha1_base64="zyByApPJeNFtsOFJaosrvoKykDw =">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp5IVQb0VvPRYxbWFdinZNNuGZrNrki2Upb/DiwcVr/4Zb/4bs+0etHUgMMy8x 5tMkAiuDcbfTmltfWNzq7xd2dnd2z+oHh496jhVlHk0FrHqBEQzwSXzDDeCdRLFSBQI1g7Gt7nfnjCleSwfzDRhfkSGkoecE mMlvxcRM6JEZM1Z/75freE6ngOtErcgNSjQ6le/eoOYphGThgqiddfFifEzogyngs0qvVSzhNAxGbKupZJETPvZPPQMnVllg MJY2ScNmqu/NzISaT2NAjuZh9TLXi7+53VTE177GZdJapiki0NhKpCJUd4AGnDFqBFTSwhV3GZFdEQUocb2VLEluMtfXiXeR f2mju8uaw1ctFGGEziFc3DhChrQhBZ4QOEJnuEV3pyJ8+K8Ox+L0ZJT7BzDHzifPz5wkeQ=</latexit>
 1/2
<latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit><latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit><latexit sha1_base64="QlrBZ7HdillgqyPR5JQI0624/FE =">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU01KQb0VvHisYGyhiWWz3bRLdzdhdyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvh pl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uHRg04yRahPEp6oboQ15UxS3zDDaTdVFIuI0040vpn5nSeqNEvkvZmkNBR4KFnMC DZWCgLNhgI/5t5FY9qv1ty6OwdaJV5BalCg3a9+BYOEZIJKQzjWuue5qQlzrAwjnE4rQaZpiskYD2nPUokF1WE+v3mKzqwyQ HGibEmD5urviRwLrScisp0Cm5Fe9mbif14vM/FVmDOZZoZKslgUZxyZBM0CQAOmKDF8YgkmitlbERlhhYmxMVVsCN7yy6vEb 9Sv6+5ds9ZyizTKcAKncA4eXEILbqENPhBI4Rle4c3JnBfn3flYtJacYuYY/sD5/AHWE5EI</latexit>
(d)
<latexit sha1_base64="M1/mEaNV8cV6fqsanUDAV2S6vjg =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNZtMu3eyG3Y1QQn+CFw8qXv1H3vw3btsctPXBwOO9G WbmhSln2rjut1NaW9/Y3CpvV3Z29/YPqodHj1pmilCfSC5VN8Saciaob5jhtJsqipOQ0044vpn5nSeqNJPiwUxSGiR4KFjMC DZWuq9H54NqzW24c6BV4hWkBgXag+pXP5IkS6gwhGOte56bmiDHyjDC6bTSzzRNMRnjIe1ZKnBCdZDPT52iM6tEKJbKljBor v6eyHGi9SQJbWeCzUgvezPxP6+XmfgqyJlIM0MFWSyKM46MRLO/UcQUJYZPLMFEMXsrIiOsMDE2nYoNwVt+eZX4F43rhnfXr LWaRRplOIFTqIMHl9CCW2iDDwSG8Ayv8OZw58V5dz4WrSWnmDmGP3A+fwD3HI0T</latexit><latexit sha1_base64="M1/mEaNV8cV6fqsanUDAV2S6vjg =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNZtMu3eyG3Y1QQn+CFw8qXv1H3vw3btsctPXBwOO9G WbmhSln2rjut1NaW9/Y3CpvV3Z29/YPqodHj1pmilCfSC5VN8Saciaob5jhtJsqipOQ0044vpn5nSeqNJPiwUxSGiR4KFjMC DZWuq9H54NqzW24c6BV4hWkBgXag+pXP5IkS6gwhGOte56bmiDHyjDC6bTSzzRNMRnjIe1ZKnBCdZDPT52iM6tEKJbKljBor v6eyHGi9SQJbWeCzUgvezPxP6+XmfgqyJlIM0MFWSyKM46MRLO/UcQUJYZPLMFEMXsrIiOsMDE2nYoNwVt+eZX4F43rhnfXr LWaRRplOIFTqIMHl9CCW2iDDwSG8Ayv8OZw58V5dz4WrSWnmDmGP3A+fwD3HI0T</latexit><latexit sha1_base64="M1/mEaNV8cV6fqsanUDAV2S6vjg =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNZtMu3eyG3Y1QQn+CFw8qXv1H3vw3btsctPXBwOO9G WbmhSln2rjut1NaW9/Y3CpvV3Z29/YPqodHj1pmilCfSC5VN8Saciaob5jhtJsqipOQ0044vpn5nSeqNJPiwUxSGiR4KFjMC DZWuq9H54NqzW24c6BV4hWkBgXag+pXP5IkS6gwhGOte56bmiDHyjDC6bTSzzRNMRnjIe1ZKnBCdZDPT52iM6tEKJbKljBor v6eyHGi9SQJbWeCzUgvezPxP6+XmfgqyJlIM0MFWSyKM46MRLO/UcQUJYZPLMFEMXsrIiOsMDE2nYoNwVt+eZX4F43rhnfXr LWaRRplOIFTqIMHl9CCW2iDDwSG8Ayv8OZw58V5dz4WrSWnmDmGP3A+fwD3HI0T</latexit><latexit sha1_base64="M1/mEaNV8cV6fqsanUDAV2S6vjg =">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahXkoiBfVW8OKxorGFNpTNZtMu3eyG3Y1QQn+CFw8qXv1H3vw3btsctPXBwOO9G WbmhSln2rjut1NaW9/Y3CpvV3Z29/YPqodHj1pmilCfSC5VN8Saciaob5jhtJsqipOQ0044vpn5nSeqNJPiwUxSGiR4KFjMC DZWuq9H54NqzW24c6BV4hWkBgXag+pXP5IkS6gwhGOte56bmiDHyjDC6bTSzzRNMRnjIe1ZKnBCdZDPT52iM6tEKJbKljBor v6eyHGi9SQJbWeCzUgvezPxP6+XmfgqyJlIM0MFWSyKM46MRLO/UcQUJYZPLMFEMXsrIiOsMDE2nYoNwVt+eZX4F43rhnfXr LWaRRplOIFTqIMHl9CCW2iDDwSG8Ayv8OZw58V5dz4WrSWnmDmGP3A+fwD3HI0T</latexit>
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Figure 2. Tensor diagram representation of (a) density matrix σ (b) The unnormalized maximally entangled
state built from σ (c) The purification of σ in a two-copy Hilbert space. (d) The expectation value of an
operator in a state: σ(A) = 〈EΩ|(σ1/2⊗I )A(σ1/2⊗I )|EΩ〉= tr(σA).
The purification of σ by |Ω〉 defines for us an anti-linear map Tσ :HL→HR:
T |v〉L = L〈v|EΩ〉= |v¯〉R
|v〉L =∑
a
va|a〉L
|v¯〉R =∑
a
v∗a|a〉R . (A.3)
The operator Tσ is anti-unitary because 〈Tσv|Tσω〉= 〈v|ω〉∗. For anti-unitary operators the defini-
tion of adjoint is changed to 〈v|T †w〉 ≡ 〈T v|w〉∗. Therefore, Tσ = T †σ = T−1σ ; see figure 3.
We define the anti-linear operator JΩ that acts on the bi-partite Hilbert space in the following
way:
JΩ|v〉L|w〉R = R〈w|EΩ〉L〈v|EΩ〉= |w¯〉L|v¯〉R (A.4)
This is the same operator we introduced in (2.9). In terms of Tσ this is simply JΩ = S(Tσ ⊗Tσ ),
where the swap operator S is defined by S|v〉L|w〉R = |w〉L|w〉R; see figure 4. Similar to Tσ , we have
JΩ = J−1Ω = J
†
Ω. It is straightforward to check the equation (2.11)
JΩARJΩ = (Tσ ⊗Tσ )SARS(Tσ ⊗Tσ ) = (Tσ ⊗Tσ )AL(Tσ ⊗Tσ ) = A∗L (A.5)
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|v¯iR = Lhv|E i
<latexit sha1_base64="dmKAFUJ2dUhEf6BD7Y7naSOLMn0 =">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVadSUBdCQQQXLqo4ttApw500bUMzmSHJFMq0n+HGX3HjQsWt7vwb04egrQcun JxzL7n3BDFnSjvOl5VZWFxaXsmu5tbWNza37O2dexUlklCXRDyStQAU5UxQVzPNaS2WFMKA02rQvRj51R6VikXiTvdj2gihL ViLEdBG8u2jgReATHtDT4Joc+rfnqdD/9rj4xfuDS59T7F2CD++nXcKzhh4nhSnJI+mqPj2p9eMSBJSoQkHpepFJ9aNFKRmh NNhzksUjYF0oU3rhgoIqWqk48OG+MAoTdyKpCmh8Vj9PZFCqFQ/DExnCLqjZr2R+J9XT3TrtJEyESeaCjL5qJVwrCM8Sgk3m aRE874hQCQzu2LSAQlEmyxzJoTi7MnzxD0unBWcm1K+XJqmkUV7aB8doiI6QWV0hSrIRQQ9oCf0gl6tR+vZerPeJ60Zazqzi /7A+vgGpwGg7g==</latexit><latexit sha1_base64="dmKAFUJ2dUhEf6BD7Y7naSOLMn0 =">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVadSUBdCQQQXLqo4ttApw500bUMzmSHJFMq0n+HGX3HjQsWt7vwb04egrQcun JxzL7n3BDFnSjvOl5VZWFxaXsmu5tbWNza37O2dexUlklCXRDyStQAU5UxQVzPNaS2WFMKA02rQvRj51R6VikXiTvdj2gihL ViLEdBG8u2jgReATHtDT4Joc+rfnqdD/9rj4xfuDS59T7F2CD++nXcKzhh4nhSnJI+mqPj2p9eMSBJSoQkHpepFJ9aNFKRmh NNhzksUjYF0oU3rhgoIqWqk48OG+MAoTdyKpCmh8Vj9PZFCqFQ/DExnCLqjZr2R+J9XT3TrtJEyESeaCjL5qJVwrCM8Sgk3m aRE874hQCQzu2LSAQlEmyxzJoTi7MnzxD0unBWcm1K+XJqmkUV7aB8doiI6QWV0hSrIRQQ9oCf0gl6tR+vZerPeJ60Zazqzi /7A+vgGpwGg7g==</latexit><latexit sha1_base64="dmKAFUJ2dUhEf6BD7Y7naSOLMn0 =">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVadSUBdCQQQXLqo4ttApw500bUMzmSHJFMq0n+HGX3HjQsWt7vwb04egrQcun JxzL7n3BDFnSjvOl5VZWFxaXsmu5tbWNza37O2dexUlklCXRDyStQAU5UxQVzPNaS2WFMKA02rQvRj51R6VikXiTvdj2gihL ViLEdBG8u2jgReATHtDT4Joc+rfnqdD/9rj4xfuDS59T7F2CD++nXcKzhh4nhSnJI+mqPj2p9eMSBJSoQkHpepFJ9aNFKRmh NNhzksUjYF0oU3rhgoIqWqk48OG+MAoTdyKpCmh8Vj9PZFCqFQ/DExnCLqjZr2R+J9XT3TrtJEyESeaCjL5qJVwrCM8Sgk3m aRE874hQCQzu2LSAQlEmyxzJoTi7MnzxD0unBWcm1K+XJqmkUV7aB8doiI6QWV0hSrIRQQ9oCf0gl6tR+vZerPeJ60Zazqzi /7A+vgGpwGg7g==</latexit>
Figure 3. The definition of the anti-linear operator Tσ .
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Figure 4. The definition of the anti-linear operator JΩ.
where the complex conjugate A∗L is defined with respect to the basis of |EΩ〉.
Figure 5 illustrates two useful identities that we use to simplify tensor diagrams. The first
identity 5 (a) says that the inner product of the tripartite state |EΩ〉12⊗|v〉3 with the bipartite state
〈EΩ|23 gives the state |v〉1:
〈EΩ|23 (|EΩ〉12⊗|v〉3) = |v〉1 . (A.6)
If Alice holds systems 1 and Bob holds systems 2 and 3, this identity says if they start sharing a
maximally entangled pair, then Bob can transfer any quantum state |v〉 to Alice by performing a
measurement on his systems in a judiciously chosen basis. This is the idea behind the teleportation
protocol.9 The second identity 5 (b) says that if Alice and Bob share a maximally entangled pair
Bob by acting locally with an operator AT can reproduce the same effect as Alice acting with A. An
advantage of the tensor network representation is that using this identities one can simplify com-
plicated diagrams by pulling on lines to straighten them, and pushing operators through entangled
pairs.
The starting point of the Tomita-Takesaki theory is the anti-linear operator SΩ defined in (2.20):
∀AL ∈AL SΩAL|Ω〉= A†L|Ω〉 (A.7)
9The classical communication needed to achieve the teleportation protocol is hidden here in the basis dependence of
|EΩ〉.
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<latexit sha1_base64="uXi zm9/LNlpNTxngYZrUDoFuzwg=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/Bi wcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbp Z3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3 cz81hPXRiTqAccpD2I6UCISjKKV7qv0vFeuuDV3DrJKvJxUI EezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LF Y25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n 9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqy tCmU7IheMsvrxL/onZdc+/qlUY9T6MIJ3AKVfDgEhpwC03wg cEAnuEV3hzpvDjvzseiteDkM8fwB87nD/I+jQ8=</latexit ><latexit sha1_base64="uXi zm9/LNlpNTxngYZrUDoFuzwg=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/Bi wcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbp Z3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3 cz81hPXRiTqAccpD2I6UCISjKKV7qv0vFeuuDV3DrJKvJxUI EezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LF Y25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n 9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqy tCmU7IheMsvrxL/onZdc+/qlUY9T6MIJ3AKVfDgEhpwC03wg cEAnuEV3hzpvDjvzseiteDkM8fwB87nD/I+jQ8=</latexit ><latexit sha1_base64="uXi zm9/LNlpNTxngYZrUDoFuzwg=">AAAB6XicbVBNS8NAEJ3Ur 1q/qh69LBahXkoiBfVW8OKxorGFNpTNdtMu3WzC7kQopT/Bi wcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbp Z3dvf2D8uHRo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3 cz81hPXRiTqAccpD2I6UCISjKKV7qv0vFeuuDV3DrJKvJxUI EezV/7q9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LF Y25CSbzU6fkzCp9EiXalkIyV39PTGhszDgObWdMcWiWvZn4n 9fJMLoKJkKlGXLFFouiTBJMyOxv0heaM5RjSyjTwt5K2JBqy tCmU7IheMsvrxL/onZdc+/qlUY9T6MIJ3AKVfDgEhpwC03wg cEAnuEV3hzpvDjvzseiteDkM8fwB87nD/I+jQ8=</latexit >
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Figure 5. Tensor diagram identities.
A<latexit sha1_base64="Rdt 0zTCIglJC5t8gpKAXnXp31x0=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvH lS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3 t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdT v3WEyrNE3lvxikGMR1IHnFGjZWaN71K1a25M5Bl4hWkCgUav cpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjD vLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJT HQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbT dmG4C2+vEz889p1zW1eVOtukUYJjuEEzsCDS6jDHTTABwYIz /AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit><latexit sha1_base64="Rdt 0zTCIglJC5t8gpKAXnXp31x0=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvH lS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3 t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdT v3WEyrNE3lvxikGMR1IHnFGjZWaN71K1a25M5Bl4hWkCgUav cpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjD vLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJT HQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbT dmG4C2+vEz889p1zW1eVOtukUYJjuEEzsCDS6jDHTTABwYIz /AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit><latexit sha1_base64="Rdt 0zTCIglJC5t8gpKAXnXp31x0=">AAAB53icbVBNS8NAEJ34W etX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvH lS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3 t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdT v3WEyrNE3lvxikGMR1IHnFGjZWaN71K1a25M5Bl4hWkCgUav cpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjD vLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJT HQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbT dmG4C2+vEz889p1zW1eVOtukUYJjuEEzsCDS6jDHTTABwYIz /AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit>
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A<latexit sha1_base64="Rdt0zTCIglJC5t8gpKAXnXp31x0 =">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szz MwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGj ZWaN71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5 DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zW1eVOtuk UYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit><latexit sha1_base64="Rdt0zTCIglJC5t8gpKAXnXp31x0 =">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szz MwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGj ZWaN71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5 DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zW1eVOtuk UYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit><latexit sha1_base64="Rdt0zTCIglJC5t8gpKAXnXp31x0 =">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3ixWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szz MwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGj ZWaN71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5 DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zW1eVOtuk UYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwD7r4yG</latexit>
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Figure 6. The action of the operator SΩ on an arbitrary state A|Ω〉.
where by SΩ we mean that of the algebra AL. Note that since the density matrix σ is cyclic (full
rank) the above equation defines the action of SΩ everywhere in the Hilbert space.
Figure 6 uses tensor diagrams to show that SΩ = Jσ (σ
1/2
L ⊗σ−1/2R ). Here, the swap operator
S swaps two lines. This equation can be understood as a polar decomposition of SΩ in terms of an
anti-unitary JΩ and a positive operator ∆
1/2
Ω . The operator ∆Ω is the modular operator of Ω:
∆Ω = S†ΩSΩ = σL⊗σ−1R . (A.8)
The state Ω is symmetric under the action of SΩ|Ω〉 = JΩ|Ω〉 = ∆Ω|Ω〉 = |Ω〉. The unitary trans-
formations associated with this symmetry are called the modular flow, i.e. UΩ(s) = ∆isΩ for real
s.
Note that the modular operator acts on an operator inHL as
∆ΩA = σ1/2A(σ−1/2)T (A.9)
where σT is the transpose of σ .
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According to the GNS quantization other vectors in the Hilbert space are found by the action
of ΨL ∈AL on |Ω〉:
|ΨΩ〉 ≡ (ΨL⊗I )|Ω〉
〈Ψ†Ω|A|ΨΩ〉= tr(ψσA) . (A.10)
where ψσ =ΨσΨ† is another density matrix inHL. Following 2.32, we define the relative Tomita
operator SΨΩ for any two density matrices ψ and σ by
∀AL ∈AL SΨΩAL|Ω〉= A†L|ΨΩ〉 . (A.11)
Using tensor diagrams it is straightforward to see that the operator SΨΩ = JΩ(Ψ†Lσ
1/2
L ⊗σ−1/2R ).
The Hermitian operator
∆ΨΩ ≡ S†ΨΩSΨσ =Ψ†LσLΨL⊗σ−1R (A.12)
is called the relative modular operator of Ψ and Ω. It generates a group of unitary transformations
UΨΩ(s) = ∆isΨΩ as in (2.27). It is clear that when Ψ = Ω (ΨL = IL) the relative modular flow
reduces to the modular flow UΩ(s).
Finally, we compute the cocycle in (2.33) for three density matrices σ and
ψ =Ψ†σΨ
φ =Φ†σΦ . (A.13)
We define the unitary transformations
uΨΩ(t)≡UΨΦ(t)U†ΩΦ(t) = (ψ itL ⊗φ−itR )(σ itL ⊗φ−itR )† = (ψ itLσ−isL )⊗I
u′ΨΩ(t)≡U†ΦΨ(t)UΦΩ(t) = (φ itL ⊗ψ−itR )†(φ isL ⊗σ−itR ) =I ⊗ (ψ itRσ−itR ) . (A.14)
As opposed to modular and relative modular flows, the flow generated by the cocycle acts only on
HL. Both definitions of independent of the choice of the state Φ, therefore we can choose Φ=Ω
(DΨ : DΩ)(t)≡ uΨΩ(t) = ∆itΨΩ∆−itΩ = (ψ itLσ−itL )⊗I . (A.15)
B Polar decomposition
Consider an operator Φ† and its polar decomposition Φ† = W |Φ| with W a partial isometry and
|Φ|2 =Φ†Φ. We would like to show that if Φ† is invertible W is a unitary and |Φ| is also invertible.
First note that an injective Φ† implies that |Φ| is injective. Since |Φ| is self adjoint and injective it
has a dense range. Therefore, |Φ|−1 is a densely defined linear operator:
|Φ|−1 = (Φ†)−1W . (B.1)
If there were a non-zero vector |x〉 ∈H such that W |x〉= 0 we would get (Φ†)−1W |x〉= 0, which
would make |x〉 ∈ domain(|Φ|−1). Since |Φ|−1 is injective on its domain the partial isometry W is
also injective, i.e., it is an isometry. That is to say
W †W =IH (B.2)
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Since Φ† has dense range then
range(Φ†) =W (range(|Φ|))⊆ range(W ) (B.3)
This means the range of W is dense. Since the range of any isometry is always closed, this implies
W is surjective, hence it is a unitary.
C BCH for the unitary case
A vector x ∈H is said to be analytic for operator T if the series representation for eT s converges
absolutely on x for some s > 0:
x ∈ D(T n) ∀n > 0 (C.1)
∞
∑
n=0
sn
n!
||T nx||< ∞, (C.2)
Suppose W is a wedge. Let Φ( f ) be the field operators smeared against Schwarz space func-
tions having support inside the wedge. The common invariant domain of the Φ( f ) is the set
D0 = {x ∈H : x =Φ( f1)...Φ( fn)|Ω〉,supp( fi) ∈W } . (C.3)
This D0 is dense inH . The following is a true operator statement
U(t)Φ( f )U†(t) =Φ( ft). (C.4)
U(t) is the strongly continuous unitary generating boosts preserving the wedge. Next, Stone’s
theorem tells us that there is a self adjoint operator K such that
iK|ψ〉= d
dt
U(t)|ψ〉t=0. (C.5)
Domain of K is the set of vectors for which the RHS exists. Eq.(C.4) implies the domain of K
contains at least D0 and also that the following is true at least on D0
i[K,Φ( f )] =Φ(D f ). (C.6)
This also implies KD0 ⊆ D0, i.e., D0 is invariant under K (in fact, invariant under arbitrary
powers of K and the boost unitary eitK). Moreover, D0 is known to be analytic (in fact, entire) for
each operator Φ( f ) in free field theory (This is Theorem 5.2.3 in [52]). The question now is can
we series expand eλΦ( f )Ke−λΦ( f ) on D0?
In general, no. Because the operator e−λΦ( f ) typically takes us out of D0 for any complex λ .
For the case of unitaries in free field theory, one can argue as follows. Consider the operator
eiλΦ( f )eitKe−iλΦ( f ) = eiλΦ( f )e−iλΦ( ft)eitK . (C.7)
Acting this on the domain D0 and using the fact that eitKD0 ⊆ D0, we get
eiλΦ( f )eitKe−iλΦ( f )D0 = eiλΦ( f )e−iλΦ( ft)eitKD0 = eiλΦ( f )e−iλΦ( ft)D0. (C.8)
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Next, we use the Weyl algebra to simplify this as
eiλΦ( f )eitKe−iλΦ( f )D0 = eiλΦ( f )e−iλΦ( ft)eitKD0 = eiλΦ( f )e−iλΦ( ft)D0 (C.9)
= α(t)eiλΦ( f− ft)D0. (C.10)
α(t) is a c-number. Next, we prove that at least the first derivative in t exists as a series expansion
in λ for the following operator
eiλΦ( ft), (C.11)
when acting on D0. Here, f is an arbitrary Schwarz space function with support contained in the
wedge. Consider an arbitrary x ∈ D0. Then, there is a (absolutely) convergent λ expansion on x
eiλΦ( ft)x =
∞
∑
n=0
inλ n
n!
Φ( ft)nx. (C.12)
Next, one can Taylor expand
Φ( ft)nx =Φ( f )nx+ t
n−1
∑
j=0
Φ( f ) jΦ(D f )Φ( f )n− j−1x+Rn(t)x. (C.13)
Here, Rn(t) is a remainder term that goes to 0 as t → 0.The second term above can be rearranged
to give
n−1
∑
j=0
Φ( f ) jΦ(D f )Φ( f )n− j−1x = i[Φ(D f ,Φ( f ))]
n−2
∑
j=0
(n− j−1)Φ( f )n−2x+Φ( f )n−1Φ(D f )x
= i[Φ(D f ,Φ( f ))]
n(n−1)
2
Φ( f )n−2x+Φ( f )n−1Φ(D f )x. (C.14)
Thus, we get
eiλΦ( ft)x =
∞
∑
n=0
inλ n
n!
Φ( ft)nx (C.15)
=
∞
∑
n=0
inλ n
n!
Φ( f )nx+ t
∞
∑
n=0
inλ n
n!
i[Φ(D f ,Φ( f ))]
n(n−1)
2
Φ( f )n−2x (C.16)
+ t
∞
∑
n=0
inλ n
n!
Φ( f )n−1Φ(D f )x+
∞
∑
n=0
inλ n
n!
Rn(t)x. (C.17)
In a t-neighbourhood of 0, one can show that Eq.(C.15) convergens uniformly in t due to the
bounds given in Theorem 5.2.3 [52] and the Weierstrass M-test. This automatically implies all
terms in Eq.(C.17) converge unformly in t which implies
limt→0
∞
∑
n=0
inλ n
n!
Rn(t)x = 0. (C.18)
Thus, Taylor’s theorem with remainder now implies the first t-derivative of the LHS of Eq.(C.15)
exists as a convergent power series in λ . This is sufficient to conclude
eiλΦ( f )Ke−iλΦ( f ), (C.19)
exists as a power series in λ at least on D0
– 31 –
D Analytic properties of modular evolved operators
Consider the following operator :
I =
∫ ∞
−∞
dte−rt
2
Φ(t), (D.1)
where Φ ∈A , Φ(t) = σΩt (Φ) is the modular flow of Φ in the state |Ω〉.
Note that the modular flow of I is simply
σt0(I) =
∫ ∞
−∞
dte−r(t−t0)
2
Φ(t)
This makes it clear that σt0(I) has an entire analytic extension in t0 for bounded Φ, because
the dominated convergence theorem justifies the differentiation with respect to t0 inside the integral
sign since Φ(t) is uniformly bounded in t.
Finally, lets discuss the case when Φ(t) is an unbounded closeable local operator. In general,
the integral over a closeable operator need not be closeable.
However, note that σz(I)|Ω〉 is entire anlytic in z by the same argument as above.
Further we note that σz(I) is closeable for each z : this is because the domain of its adjoint
containsA ′T |Ω〉which is dense. Thus, we conclude σ−i/2(I) is a densely defined closeable operator
defined at least on A ′T |Ω〉.
E Unitary versus non-unitary operators in free fields
Consider the non-unitary operator eΦ( f ) with f supported in the right Rindler wedge. Our goal is
to demonstrate that the state e−Φ( f )|Ω〉 in free field theory can also be created by a unitary eiO |Ω〉
where O is supported in a larger region than just the right wedge.
It can be checked explicitly using the canonical commutation relations that
eΦ( f )|Ω〉 ∝ eiO |Ω〉, (E.1)
where the operator O is defined on a constant time slice Σ : x0 = 0:
O =
∫
Σ
dd−1x(φ(x)∂tγ− γ(x)∂tφ(x)) (E.2)
and the γ function is
γ(x) =
∫
ddy f (y)〈{φ(x)φ(y)}〉 (E.3)
with the y-integral running over the whole spacetime. The important point is that since 〈{φ(x)φ(y)}〉
is non-zero for y outside of the right wedge the support of the function γ(x) leaks outside of the
right wedge.
F Some calculation details
Here, we present the calculation that leads to the expression in (4.31) using both the BCH method
and the real-time perturbation series in section 3.
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F.1 BCH method
In the family of non-unitary states discussed in section 4, the operators e−λΦ( f ) are exponentials of
integrated local operators, hence it seems convenient to work with a perturbative λ expansion of
the relative modular operator in terms of the exponents Φ( f ). Such an expansion is provided by
the Baker-Campbell-Hausdorff (BCH) formula. To use the BCH formula we first write the relative
modular Hamiltonian as
KΩ fλ =− log
(
eλX( f )eY
)
+2λ 2〈Φ( f )2〉
X( f ) = 2(ΦJ)i/2( f ), Y =−K . (F.1)
The BCH formula written in a compact form is the following expansion
log
(
eAeB
)
= A+
∫ 1
0
dt ψ
(
eadAet adB
)
B
= B+
∫ 1
0
dt ψ˜
(
et adAeadB
)
A
ψ(ex) = exψ˜(ex) =
xex
ex−1 = x+ ψ˜(e
x)
ψ˜(ex) =
∞
∑
n=0
B−n
n!
xn
ψ(ex) =
∞
∑
n=0
B+n
n!
xn, B−n = (−1)nB+n (F.2)
where
adAB = [A,B], adnAB = [A,ad
n−1
A B], (F.3)
the coefficients B±n are the Bernoulli numbers, and ψ and ψ˜ are their generating functions.
In a free theory, the commutator of fundamental fields is
[Φ( f ),Φ(g)] =−i〈 f ,∆g〉 (F.4)
where 〈 f ,∆g〉 is anti-symmetric. In particular, 〈 f ,∆ f 〉 = 0. From (4.8) for the operator X( f ) in
(F.1) we find
admY X( f ) = (iD)
mX( f ) .
As a result we learn that adX ad2kY X = 0. Consider the BCH expansion of log(e
λX eY )when adX admY X
is proportional to the identity operator for m odd and vanishes for m even. Our goal is to show that
in this case the BCH expansion terminates at O(X2).
First consider the BCH expansion up to the second order in λ
log
(
eλAeB
)
= B+λ
∫ 1
0
dt
∞
∑
n=0
B−n
n!
x˜nt A
x˜t = log
(
etλ adAeadB
)
= adB+ tλψ˜(eadadB )adA+O(λ 2) . (F.5)
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Therefore,
log
(
eλAeB
)
= B+λψ˜(eadB)A+
λ 2
2
∞
∑
n=1
n−1
∑
k=0
B−n
n!
adkBψ˜(e
adadB )adAadn−k−1B A+O(λ
3)
(F.6)
If adX admY X is a c-number as was the case for non-unitary coherent states we have
[adY ,adX ]admY X =−adX adm+1Y X
[adY , · · · [adY ,adX ]]admY X = (−1)nadX adm+nY X
ψ˜(eadadY )adX adnY X =
∞
∑
n=0
B+n
n!
adX adm+nY X . (F.7)
Hence, in the expansion (F.6) of log(eλX eY ) at the second order only the k = 0 term contributes.
Furthermore at order λ 3 or higher in the BCH expansion, we always have at least two adX whose
action on admY X vanishes. Therefore, in this case, the BCH expansion is λ 2 exact and given by
log(eλX eY ) = Y +λψ˜(eadY )X +
λ 2
2
adXF (adY )X
F (x) =
∞
∑
n=0
∞
∑
m=1
B−mB+n
n!m!
xm+n−1 =
ex
ex−1
(
x
ex−1 −1
)
=
x+1− ex
4sinh2(x/2)
. (F.8)
As we discussed earlier, we can drop the terms inF (x) that have even powers of x.
Since the commutator of [Φ( f ),(iD)mΦ( f )] is proportional to the identity operator the BCH
expansion for the relative modular operator truncates at order λ 2 and becomes
KΩ fλ −KΩ =−2λψ˜(ead−K )(ΦJ)i/2( f )−2λ 2
[
(ΦJ)i/2( f ),F (ad−K)(ΦJ)i/2( f )
]
+2λ 2〈Φ( f )2〉
(F.9)
Let us start with the term linear in λ . We use the spectral decomposition of ∆:
∆=
∫ ∞
−∞
e−ω P(dω), (F.10)
with P(dω) a projection-operator-valued-measure (POVM). We write the first order term in λ as
ψ˜(ead−K )Xi/2 =
∫ ∞
−∞
dωdω ′
(ω−ω ′)
1− e−(ω−ω ′)P(dω)Xi/2P(dω
′)
=
∫ ∞
−∞
dωdω ′
(ω−ω ′)
2sinh
(piω
2
)P(dω)XP(dω ′)
=
∫ ∞
−∞
dωdω ′
∫ ∞
−∞
dt
piei(ω−ω ′)t
2cosh2(pit)
P(dω)XP(dω ′)
=
pi
2
∫ dt
cosh2(pit)
X(t) . (F.11)
Plugging X = −2ΦJ in the above expression we find that the first order correction to the relative
modular operator is
K(1)Ω fλ =−pi
∫ dt
cosh2(pit)
ΦJ( ft) . (F.12)
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Now, consider the second order term:[
(ΦJ)i/2( f ),F (ad−K)(ΦJ)i/2( f )
]
=
∫
dωdω ′dω ′′ P(dω)ΦJP(dω ′)ΦJP(dω ′′)
×e−(ω−ω ′′)/2 (F (ω ′′−ω ′)−F (ω ′−ω)) (F.13)
Since we are only considering free fields we focus on the part of the above commutator that is
proportional to the identity operator by setting ω = ω ′′. This “diagonal term" is∫
dωdω ′
(ω−ω ′)− sinh(ω−ω ′)
1− cosh(ω−ω ′) P(dω)Φ( f )P(dω
′)Φ( f )P(dω) . (F.14)
We use the identity
(ω−ω ′)− sinh(ω−ω ′)
1− cosh(ω−ω ′) =
−pi
2
∫ ∞
−∞
dtds
cosh(pit)cosh(pis)
g(s− t)
(
ei(ω−ω
′)(s−t)− e−i(ω−ω ′)(s−t)
)
to write the (F.13) as
−pi
2
∫ ∞
−∞
dtds
cosh(pit)cosh(pis)
g(s− t)[ΦJ(t),ΦJ(s)] . (F.15)
Plugging (F.12) and (F.15) back into (F.9) we obtain
KΩ fλ −KΩ = 2λ 2〈Φ( f )2〉−piλ
∫ dt
cosh2(pit)
ΦJ( ft)
+ piλ 2
∫ ∞
−∞
dtds
cosh(pit)cosh(pis)
g(s− t)[ΦJ(t),ΦJ(s)] (F.16)
as was promised in section 4.
F.2 Real-time method
Now, we reproduce the BCH answer above using the perturbation theory in λ discussed in section
3. We show that there are non-trivial cancellations between the commutator terms and contact
terms that make all terms of order λ 3 and higher vanish.
From the analysis of section 3, for states | fλ 〉= e−λΦ( f ), we have
SΩ fλ = e
λΦ( f )SΩ, ∆Ω fλ = ∆
1/2
Ω e
2λΦJ∆1/2, αΩ fλ = 1− e2λΦ( f )J , (F.17)
δ = 2
1− e2λΦJ
1+ e2λΦJ
=−2tanh(λΦJ( f )) =−2λΦJ( f )+ 2λ
3
3
ΦJ( f )3− 4λ
5
15
ΦJ( f )5+ · · · . (F.18)
Using the result of Sec. 3.3 we expand the relative modular operator as
KΩ fλ = KΩ+2λ
2〈Φ( f )2〉+
∞
∑
m=1
Qm . (F.19)
We need the following commutators:
[δ (t1),δ (t2)] = 4λ 2[ΦJ( ft1),ΦJ( ft2)]−
4λ 4
3
(
[Φ3J( ft0),ΦJ( ft1)]+ [ΦJ( ft0),Φ
3
J( ft1)]
)
+O(λ 6),
[[δ (t1),δ (t2)],δ (t3)] =
8λ 5
3
(
[[ΦJ( ft1),Φ
3
J( ft2)],ΦJ( ft3)]+ [ΦJ( ft1)
3,ΦJ( ft2)],ΦJ( ft3)]]
)
+O(λ 7) .
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Other nested commutators that appear in the expansion can be checked to be O(λ 6) and higher. To
find the contact terms we also need the following terms:
δ (t)3 =−8λ 3ΦJ( ft)3+8λ 5ΦJ( ft)5+O(λ 6), (F.20){
δ (t1), [δ (t1),δ (t2)2]
}
= 16λ 4
{
ΦJ( ft1)[ΦJ( ft1),ΦJ( ft2)
2]
}
. (F.21)
Then, the first term in the expansion for the relative modular Hamiltonian is the operator
Q1 =
pi
2
∫ dt
cosh2(pit)
δ (t)
=
pi
2
∫ dt
cosh2(pit)
(
−2λΦJ( ft)+ 2λ
3
3
ΦJ( ft)3− 4λ
5
15
ΦJ( ft)5+O(λ 6)
)
. (F.22)
The next term is
Q2 =
pi
4
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
(
4λ 2[ΦJ( ft1),ΦJ( ft2)]−
8λ 4
3
[ΦJ( ft1),ΦJ( ft2)
3]+O(λ 6)
)
Putting these together we already reproduce the result
KΩ fλ −KΩ = 2λ 2〈Φ( f )2〉−piλ
∫ dt
cosh2(pit)
ΦJ( ft)+
+ piλ 2
∫ ∞
−∞
dtds
cosh(pit)cosh(pis)
g(s− t)[ΦJ(t),ΦJ(s)]+O(λ 3) . (F.23)
Now, we need to show that all higher order terms in λ cancel for free fields. In this case, the
commutator of fundamental fields is proportional to the identity operator, hence we obtain
Q f ree2 =
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
(
piλ 2[ΦJ( ft1),ΦJ( ft2)]−2piλ 4[ΦJ( ft1),ΦJ( ft2)]ΦJ( ft2)2+O(λ 6)
)
.
The terms Qm with m > 2 in (3.39), in addition to the nested commutators Im also include
contact terms that we denoted by Pm. The third term Q3 splits according to
Q3 = I3+P3
I3 =
4piλ 5
9
∫
dt1dt2dt3
g(t2− t1)g(t3− t2)
cosh(pit1)cosh(pit3)
(
[[ΦJ( ft1),ΦJ( ft2)
3],ΦJ( ft3)]+ [[ΦJ( ft1)
3,ΦJ( ft2)],ΦJ( ft3)]
)
+O(λ 6)
P3 =
pi
24
∫ dt
cosh2(pit)
[
−8λ 3ΦJ( ft)3+8λ 5ΦJ( ft)5+O(λ 6)
]
(F.24)
Specialising to free field theory, we obtain the following simplification for Q3:
I f ree3 =
8piλ 5
3
∫
dt1dt2dt3
g(t2− t1)g(t3− t2)
cosh(pit1)cosh(pit3)
(
ΦJ( ft2)[ΦJ( ft1),ΦJ( ft2)][ΦJ( ft2),ΦJ( ft3)]
+ΦJ( ft1)[ΦJ( ft1),ΦJ( ft2)][ΦJ( ft1),ΦJ( ft3)]
)
P f ree3 =
pi
3
∫ dt
cosh2(pit)
[
−λ 3ΦJ( ft)3+λ 5ΦJ( ft)5
]
(F.25)
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The same analysis can be applied to Q4:
Q4 = I4+P4 (F.26)
I4 = O(λ 6)
P4 =
pi
2
λ 4
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
(
ΦJ( ft2)[ΦJ( ft1),ΦJ( ft2)
2]+ [ΦJ( ft1),ΦJ( ft2)
2]ΦJ( ft2)
)
+O(λ 6) (F.27)
which also simplify for free fields
P f ree4 = 2piλ
4
∫
dt1dt2
g(t2− t1)
cosh(pit1)cosh(pit2)
(
ΦJ( ft2)
2[ΦJ( ft1),ΦJ( ft2)]
)
. (F.28)
Finally, the last term that can contribute to order λ 5 is
Q5 = I5+P5
I5 = O(λ 7)
P5 =
pi
40
∫ g(t2− t1)g(t3− t2)
cosh(pit1)cosh(pit3)
[
δ (t1)3δ (t2)δ (t3)+δ (t2)δ (t1)δ (t2)2δ (t3)+δ (t1)δ (t3)δ (t2)δ (t1)2
+δ (t1)δ (t2)δ (t3)3+δ (t1)δ (t2)2δ (t3)δ (t2)+δ (t1)2δ (t2)δ (t3)δ (t1)−δ (t1)δ (t2)δ (t3)δ (t1)2
−δ (t2)2δ (t3)δ (t2)δ (t1)−δ (t1)2δ (t3)δ (t2)δ (t1)−δ (t1)δ (t2)δ (t3)δ (t2)2+δ (t1)δ (t2)3δ (t3)
]
Specializing to free field theory, we find
P f ree5 =
−8piλ 5
3
∫
dt1dt2dt3
g(t2− t1)g(t3− t2)
cosh(pit1)cosh(pit3)
ΦJ( ft1)[ΦJ( ft1),ΦJ( ft2)][ΦJ( ft1),ΦJ( ft3)]
+
8piλ 5
3
∫ g(t2− t1)g(t3− t2)
cosh(pit1)cosh(pit3)
ΦJ( ft2)[ΦJ( ft2),ΦJ( ft3)][ΦJ( ft2),ΦJ( ft1)]
− piλ
5
5
∫
dt
ΦJ( ft)5
cosh2(pit)
+O(λ 6) .
Putting all this together we find that all the O(λ 3,λ 4,λ 5) terms cancel explicitly.
G Commutator of Euclidean evolved operators
In the expression for the relative modular Hamiltonian KΦΩ we found in section 3 various commu-
tators of φ (1)i
2
and φ (1)− i2
appear; see (3.48). It is clear that[
φ (1)± i2
(t),φ (1)± i2
(s)
]
= ∆±
i
2
[
φ (1)(t),φ (1)(s)
]
∆∓
i
2 . (G.1)
However, the commutators
[
φ (1)± i2
(t),φ (1)∓ i2
(s)
]
are more subtle. In this appendix, we comment on
this type of commutators using the spectral decomposition of the modular operator.
The Euclidean commutator
[Φ( f )i/2,Φ(g)−i/2] =
∫
dωdω ′dω ′′
(
eω
′−ω2 −ω
′′
2 − e−
(
ω ′−ω2 −ω
′′
2
))
P(dω)Φ( f )P(dω ′)Φ(g)P(dω ′′)
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is convergent for a nice enough function f . Naively, one might have thought that the commuta-
tor (G.2) can be computed by comparing the perturbative expansion of section 3 for unitary states
eiλΦ( f )|Ω〉 with the exact answer from the BCH expansion. However, as we show below, for-
mal manipulation of the commutator, indeed, reproduces the same result for the relative modular
Hamiltonian of unitary states we obtained in section 3:
KeiλΦ( f )|Ω = e
iλΦ( f )Ke−iλΦ( f ) = K+ iλ [log∆,Φ( f )]− (iλ )
2
2
[[log∆,Φ( f )],Φ( f )]]+O(λ 3),(G.2)
In free theories, from the fact that commutators of fundamental fields is central we expect the
commutator [Φ( f )i/2,Φ(g)−i/2] to be proportional to the identity operator:
−2
∫
dωdω ′ sinh(ω−ω ′)P(dω)Φ( f )P(dω ′)Φ(g)P(dω) (G.3)
This is simply the Fourier transform of the statement that we are considering commutators of
Euclidean evolved operators and leads to no insight about them.
We again stress these are formal manipulations and we are not concerned with domain ques-
tions and closeablity in the following. Therefore, in this appendix, we do not perform the smearing
we discussed earlier in Appendix D.
To obtain intuition about how this commutator reproduces the correct answer for unitary states
we go through this example step by step. Consider a unitary state U = eiλΦ( f ). The relative modular
operator
∆U |Ω = eiλΦ( f )∆e−iλΦ( f ) (G.4)
Define
a =
(
eiλΦ( f )
)
−i/2
(
e−iλΦ( f )
)
i/2
Φi/2 ≡ ∆1/2Φ∆−1/2 . (G.5)
Since the state U creates is already normalized we expand a in λ to find
a = 1+λa1+
λ 2
2
a2+O(λ 3)
a1 = i
(
Φ−i/2( f )−Φi/2( f )
)
a2 =−Φ2−i/2( f )−Φ2i/2( f )+2Φ−i/2( f )Φi/2( f ) (G.6)
Following the notation in section 3 we expand δ in λ
δ =
2(1−a)
1+a
=−λa1+ λ
2
2
(a21−a2)+O(λ 3)
= λδ (1)+
λ 2
2
δ (2)+O(λ 3)
δ (1) = i
(
Φi/2( f )−Φ−i/2( f )
)
δ (2) = [Φi/2( f ),Φ−i/2( f )] . (G.7)
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Since δ starts at order λ then if we are interested in the modular Hamiltonian up to the second
order in λ we only need
Q0 =
pi
2
∫ dt
cosh2(pit)
δ (t) =
∫ ∞
0
dβ
∆1/2
∆+β
δ
∆1/2
∆+β
Q1 =
pi
4
∫ dtds
cosh(pit)cosh(pis)
g(s− t)[δ (t),δ (s)]
=
∫ ∞
0
dβ
∆1/2
∆+β
δ
∆−β
2(∆+β )
δ
∆1/2
∆+β
(G.8)
where we have used the following two integrals
∆ 12
∆+β
=
∫ ∞
−∞
β it− 12
2cosh(pit)
∆−it
∆−β
2(∆+β )
=
∫ ∞
−∞
dtβ itg(t)∆−it . (G.9)
Expanding the relative modular Hamiltonian we have
KUΩ = KΩ+λK(1)+
λ 2
2
K(2)+O(λ 3)
K(1) =
pi
2
∫ dt
cosh2(pit)
δ (1)(t)
K(2) =
pi
2
∫ dt
cosh2(pit)
δ (2)(t)+
pi
2
∫ dtds
cosh(pit)cosh(pis)
g(s− t)[δ (1)(t),δ (1)(s)]
We would like to compare this answer with the result we found in (4.12)
KUΩ = eiλΦKe−iλΦ = K+ iλ [log∆,Φ( f )]− (iλ )
2
2
[[log∆,Φ( f )],Φ( f )]]
= K−λΦ(D f )− λ
2
2
〈 f ,∆D f 〉 (G.10)
where D = x1∂0− x0∂1 is the generator of boost.
The operator K(1) written using the spectral decomposition of ∆ in (F.10) is
K(1) =
ipi
2
∫ dt
cosh2(pit)
(
eiK(t+i/2)Φ( f )e−iK(t+i/2)− eiK(t−i/2)Φ( f )e−iK(t−i/2)
)
=
ipi
2
∫
dωdω ′
∫ dt
cosh2(pit)
(
ei(t+i/2)(ω−ω
′)− ei(t−i/2)(ω−ω ′)
)
P(dω)Φ( f )P(dω ′)
=−i
∫
dωdω ′(ω−ω ′)P(dω)Φ( f )P(dω ′) = i[Φ( f ),K] (G.11)
where we have used the fact
∫
dωP(ω) =I . This is the correct answer at order λ . At the second
order we expect to find
−[[K,Φ( f )],Φ( f )]] =
∫
dωdω ′dω ′′(2ω ′−ω−ω ′′)P(dω)Φ( f )P(dω ′)Φ( f )P(dω ′′) .(G.12)
We show this explicitly below.
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At the second order in λ we have two terms, first
pi
2
∫ dt
cosh2(pit)
δ (2) =
pi
2
∫
dωdω ′dω ′′
∫ dt
cosh2(pit)
P(dω)Φ( f )P(dω ′)Φ( f )P(dω ′′)
×
(
eω
′
eiω(t+i/2)e−iω
′′(t−i/2)− e−ω ′eiω(t−i/2)e−iω ′′(t+i/2)
)
=
∫
dωdω ′dω ′ P(dω)Φ( f )P(dω ′)Φ( f )P(dω ′′)(ω−ω ′′)
(
eω
′
eω − eω ′′ +
e−ω ′
e−ω − e−ω ′′
)
and the second term∫ ∞
0
dβ
∆1/2
∆+β
δ (1)
∆−β
∆+β
δ (1)
∆1/2
∆+β
=−
∫ ∞
0
dβ
∫
dωdω ′dω ′′P(dω)Φ( f )P(dω ′)Φ( f )P(dω ′′)
(
e−ω/2
(e−ω +β )
(e−ω ′−β )
(e−ω ′+β )
e−ω ′′/2
(e−ω ′′+β )
)
×
(
e−ω/2+ω
′′/2− eω/2+ω ′′/2−ω ′− e−(ω/2+ω ′′/2−ω ′)+ eω/2−ω ′′/2
)
. (G.13)
The β integral can be performed explicitly to give∫ ∞
0
dβ
(
e−ω/2
(e−ω +β )
(e−ω ′−β )
(e−ω ′+β )
e−ω ′′/2
(e−ω ′′+β )
)
=
1
4
csch
(
ω−ω ′
2
)
csch
(
ω ′−ω ′′
2
)
(ω+ω ′′−2ω ′)
+(ω−ω ′′)
sinh
(
ω+ω ′′−2ω ′
2
)
sinh(ω−ω ′)− sinh(ω−ω ′′)+ sinh(ω ′−ω ′′) . (G.14)
Plugging this back in (G.13) and adding both λ 2 terms we find∫
dωdω ′dω ′ P(dω)Φ( f )P(dω ′)Φ( f )P(dω ′′)(2ω ′−ω−ω ′′) = 2Φ( f )KΦ( f )−KΦ( f )2−Φ( f )2K
=−[[K,Φ( f )],Φ( f )]] (G.15)
which is consistent with the result in (G.10).
H Domain issues
Consider the relative modular operator between O|Ω〉 and |Ω〉.
H.1 Bounded O
First consider O ∈A . Then, we have with S0 = S¯ΩO∗, S†0 =OS∗Ω, a ∈A and a′ ∈A ′,
S0[a|Ω〉] = a∗O|Ω〉
S†0[a
′|Ω〉] = a′∗O|Ω〉
as needed. Thus, we conclude S0 ⊂ S¯O|Ω and S†0 ⊂ S∗O|Ω in the domains indicated. This automati-
cally implies that the true relative modular operator extends the quadratic form S†0S0 defined on the
domain above. What we mean is
||∆1/2O|Ωa|Ω〉||2 = 〈Ω|O∗aa∗O|Ω〉= 〈Ω|a∗O∆ΩO∗a|Ω〉.
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Of course to carry out perturbation theory, O ∈AT as discussed previously.
Similarly, with O ∈A and O−1 ∈A , we have with T0 = (O∗)−1S¯Ω and T †0 = S∗ΩO−1, we get
T0[aO|Ω〉] = a∗|Ω〉
T †0 [a
′O|Ω〉] = a′∗|Ω〉,
and we get
||∆1/2Ω|OaO|Ω〉||2 = 〈Ω|aa∗|Ω〉= 〈Ω|O∗a∗∆1/2O−1J O∗−1J ∆
1/2
Ω aO|Ω〉.
In principle, the same results occur if we restrict the operators a ∈AT ⊂A the Tomita algebra.
H.2 Unbounded O
In the case when O is unbounded one needs to be careful. WLOG, we can choose O = exp(βΦ)
to be of exponential form. Then, the issue arises because vectors of the form a|Ω〉 with a ∈A , are
not in the domain of the local operators Φ while vectors of the form a′|Ω〉,a′ ∈A ′ are (see Lemma
2.3 in [53]). To navigate around this, one uses the Tomita algebra. We note
aT |Ω〉= (a∗T )∗|Ω〉= J∆1/2Ω (a∗T )|Ω〉= Ja∗T (i/2)J|Ω〉= b′T |Ω〉
b′T = Ja
∗
T (i/2)J.
Here aT (i/2) is the analytic continuiation of the modular evolved operator aT (t) evaluated at t =
i/2. Formally, aT (i/2) = ∆
1/2
Ω aT∆
−1/2
Ω . But it is more rigorous to think of aT (i/2) as simply the
analytically continued operator aT (z) evaluated at z = i/2.
Now, b′T is a bounded operator in the commutant. Here we have used the fact that arbitrary
complex powers of ∆Ω induce automorphisms of the Tomita algebra.
Then, for the case where |ψ〉 = exp(βΦ)|Ω〉, we get with X0 = S¯ΩO , Y0 = O−1S¯Ω, using the
previous result,
X0[aT |Ω〉] = a∗T |ψ〉,
Y0[aT |ψ〉] = a∗T |Ω〉,
and the previous relations for the quadratic forms continue to hold here.
H.3 Domain of perturbation theory
In our real time perturbation theory, for the definitions of δ to make sense, we need to work in the
common domain of the operators ∆1/20 (∆+β )
−1 and ∆−1/20 ∆(∆+β )
−1.
First lets consider the case where ∆= ∆Ω,Ψ, the relative modular operator between the vacuum
and |Ψ〉 = Ψ|Ω〉, with |Ψ〉 invertible. ∆0 = ∆Ω, the modular operator of the vacuum. We choose
a ∈AT (Ω), the Tomita algebra of the vaccuum state.
Using the integral representation,
(∆+β )−1a|Ψ〉= i
2
limε→0
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−it∆ita|Ψ〉
=
i
2
limε→0
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)∆
it |Ψ〉
=
i
2
limε→0
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)[DΩ : DΨ]t |Ψ〉,
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where σΩt (a) is the modular flow of a and [DΩ : DΨ]t is the cocycle. Obviously, the ε → 0 limit
exits on the RHS.
We observe that the integrand above is in the domain of ∆1/20 . And, we get
∆1/20 σ
Ω
t (a)[DΩ : DΨ]t |Ψ〉= σΩt−i/2(a)JΨ∗[DΨ : DΩ]t |Ω〉
where, by definition of the Tomita algebra, σΩz (a) is an analytic function of z. We have also used
[DΩ : DΨ]∗ = [DΨ : DΩ]t . Moreover, the vector on the RHS seen as a function of t is uniformly
bounded. Therefore, for any 0 < ε < 1, the following integral exists,∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt−i/2(a)JΨ
∗[DΨ : DΩ]t |Ω〉. (H.1)
Since ∆1/20 is a closed operator, Hille’s theorem for the Bochner integral guarantees∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)[DΩ : DΨ]t |Ψ〉 ∈ D(∆1/20 ). (H.2)
and also
∆1/20
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)[DΩ : DΨ]t |Ψ〉
=
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt−i/2(a)JΨ
∗[DΨ : DΩ]t |Ω〉
=
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt−i/2(a)JΨ
∗∆itΨ,Ω|Ω〉 (H.3)
Since |Ω〉 is in the domain of ∆1/2Ψ,Ω, the vector valued function ∆izΨ,Ω|Ω〉 is analytic in the strip
{z :−1/2 < Im(z)< 0}. This means JΨ∗∆iz¯Ψ,Ω|Ω〉 is analytic in the strip {z : 0 < Im(z)< 1/2} by
the antilinearity of J. Therefore, σΩz−i/2(a)JΨ
∗∆iz¯Ψ,Ω|Ω〉 is analytic in this strip. Then, one can use
the Cauchy theorem to write,
∆1/20
∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)[DΩ : DΨ]t |Ψ〉
=−i
√
β
∫ ∞
−∞
dt
cosh(pi(t+ iε))
β−itσΩt (a)JΨ
∗∆it+1/2Ψ,Ω |Ω〉.
This implies, by the dominated convergence theorem
limε→0∆
1/2
0
(∫ ∞
−∞
dt
sinh(pi(t+ iε))
β−itσΩt (a)[DΩ : DΨ]t |Ψ〉
)
=−i
√
β
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt (a)JΨ
∗∆it+1/2Ψ,Ω |Ω〉.
Obviously the last integral converges. Since ∆1/20 is a closed operator, this is sufficient to guarantee
a|Ψ〉 is in the domain of ∆1/20 ∆(∆+β )1/2. Next we look at
∆−1/20 ∆(∆+β )
1/2a|Ψ〉
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Again, an integral representation tells us
∆(∆+β )1/2a|Ψ〉=− i
2
limε→0
∫ ∞
−∞
dt
sinh(pi(t− iε))β
−itσΩt (a)∆
it |Ψ〉.
Using an argument very similar to the prevous ones and using Cauchy’s theorem we are able to
write
∆(∆+β )1/2a|Ψ〉= 1
2
√
β
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt−i/2(a)∆
it∆1/2|Ψ〉.
Next, we note
∆1/2|Ψ〉= JΨΩ|Ω〉=Θ′ΨΩ|Ω〉,
where Θ′ΨΩ = JΨΩJΩ is the conjugation cocycle which is a unitary in the commutant. This implies
∆(∆+β )1/2a|Ψ〉= 1
2
√
β
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt−i/2(a)∆
itΘ′ΨΩ|Ω〉.
Finally, we can use
∆it := ∆itΩΨ = (∆
′
ΨΩ)
−it .
Here, the prime on the last term indicates the relative modular operator with respect to the
commutant. This implies
∆(∆+β )1/2a|Ψ〉= 1
2
√
β
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt−i/2(a)[DΨ : DΩ]
′
−tσ
Ω
t (Θ
′
ΨΩ)|Ω〉,
where [DΨ : DΩ]′−t = (∆′ΨΩ)
−it(∆′Ω)
it is the unitary cocycle in the commutant. Finally, we note that
if b is in the Tomita algebra and |α〉 is in the domain of ∆−1/20 , then ∆−1/20 b|α〉= σi/2(b)∆−1/2|α〉.
This shows that the integrand in the previous equation is in the domain of ∆−1/20 . Moreover, by
Hille’s theorem again,
∆−1/20
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt−i/2(a)[DΨ : DΩ]
′
−tσ
Ω
t (Θ
′
ΨΩ)|Ω〉
=
1
2
√
β
∫ ∞
−∞
dt
cosh(pit)
β−itσΩt (a)Jσ
Ω
t (Θ
′
ΨΩ)
∗([DΨ : DΩ]′−t)
∗|Ω〉
we get that ∆(∆+β )1/2a|Ψ〉 is also in the domain of ∆−1/20 since the latter integral conveges.
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